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Abstract
We consider a non Newtonian fluid governed by stationary, incompress-
ible Navier-Stokes equations with shear-dependent viscosity. Using a fixed
point argument in an appropriate functional setting, we establish the exis-
tence of a strong solution for small and suitably regular data. Uniqueness
results are obtained under similar conditions.
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1 Introduction

The aim of this paper is to establish an existence and regularity result for
solutions to the steady Navier-Stokes equations for flows with shear dependent
viscosity, namely

-V .- (S(Du))+u-Vu+Vr=7f in ,
V-u= in Q, (1.1)
u=0 on 09,

where u is the velocity field, S the extra stress tensor, Du = % (Vu + (VU)T)
the symmetric part of the velocity gradient Vu, 7 the pressure, f a given body
force, and Q C IR" is a bounded domain. To simplify the redaction, we assume
that S is a classical power law stress tensor of the form

Sm=2 0+ T 0 o Sm=2w0+R) s (12)

where v and « positive constants with « > 1. The system (1.1) is nowadays
classical. If o = 2, it is reduced to the Navier-Stokes system with the classical
no-slip boundary conditions. The fluid is called shear thinning if o < 2, and
shear thickening if & > 2. This class of fluids was first proposed by Ladyzhen-
skaya in [20], [21] and [22] as a modification of the Navier-Stokes system (the
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viscosity depending on the shear-rate), and was similarly suggested by Lions in
[23]. Existence of weak solutions was proved by both authors using compact-
ness arguments and the theory of monotone operators. Extensive work has been
done since then and various existence and regularity properties have been es-
tablished. We emphasize the work by Necas et al. ([24] and [7]), and by Frehse,
Malek, Steinhauer [14] and Ruzicka [26] who later established existence of weak

solutions for exponents satisfying the less restrictive condition « > TLQ—J:‘Q

Despite the fact that system (1.1) was widely studied there are still many open
problems, especially concerning the regularity of weak solutions. Related to
this aspect, and without any ambition of completeness, we refer to [19], [24],
[25], [3], [5], [6], [12], [4], [8], [10], [13] and the references therein. Higher global
regularity of solutions is difficult to obtain in general and there are only few
such results known up to nowadays. For shear-thinning fluids, global regularity
results up to the boundary have been obtained by Kaplicky, Malek and Stara
in the two-dimensional framework in [19] for % < a < 2, without restrictions
on the data. The authors prove that if f € La-1(), then there exists a so-
lution w € W?2P(Q) for some p > 2. In the three-dimensional case, the most
significant result is due to Beirdo da Veiga in [5]. In the case of the general-
ized Stokes systems (corresponding to (1.1) without the convective term), the
author proves that if % <a<?2and f € L%(Q), then a weak solution u

belongs to Wh4=2(Q) N W2%(Q) The same regularity is achieved in the
case of generalized Navier-Stokes equations provided that o > %. Concerning
the shear-thickening fluids (o > 2) we refer to [25] and [3] where global regu-
larity results have been obtained for n = 3 without restricting the data. We
also mention [6] where the authors improve and extend the results obtained in

[4], establishing that u € WP N W2at=2 for any p < +oo if n = 2 and for
p= % if n > 3.

n [10], Crispo and Grisanti consider problem (1.1) with the Lipschitz continu-
ous extra stress tensor (1.2)2 and with 1 < o < 2. They prove that if f € LI(Q)
with ¢ > n, then there exists a C17(Q) solution. Uniqueness is guaranteed if

the solution belongs to L%(Q) (which is the case if a > n?’—&) and existence
of a W22(Q) solution is obtained if ¢ > 2n. These results are achieved using
the sucessive approximation method and applying a Holder regularity result for
solutions of elliptic systems due to Giaquinta and Modica [17]. The method
is based on fixed point arguments and converges under restriction on the size
of the data. The same technique has been used in [11] in the case of electro-

rheological fluids.

The aim of this paper is to establish similar results in both two-dimensional
and three-dimensional case, for shear-thinning and shear-thickening flows. As-
suming that the force belongs to L()) with ¢ > n, we prove existence of a
strong solution u € W24({) under precise conditions on the data. The method
based on classical regularity results for the Stokes problem and on the Banach
fixed-point technique, is much easier to handle . We consider both C! and Lip-
chitz continuous extra stress tensors. To deal with the supplementary difficulty



induced by |Du| in the second case, we introduce a family of approximate prob-
lems, establish existence of approximate strong solutions, derive corresponding
uniform estimates and pass to the limit. Uniqueness of a solution is obtained

3n
for « Z nta

This useful result is needed in many applications and particularly when study-
ing optimal control problems of non-Newtonian fluids governed by this class of
partial differential equations. It guarantees the boundedness of the velocity gra-
dient appearing in the coefficients in the main part of the differential operator
for the linearized and the adjoint equations, and is usually necessary to deal
with the corresponding optimality conditions (see [29] and [27]).

The plan of the paper is as follows. Assumptions, notation and statement of
the main results are given in Section 2. Section 3 is devoted to the existence
of a strong solution in the case of the differentiable stress tensor (1.2);. Sec-
tion 4 deals with the case of the Lipschitz continuous stress tensor (1.2)2. An
approximate family is considered, an existence result is obtained using a fixed
point argument, precise estimates for the approximate solution are derived and
convergence results established. In Section 5, we prove that under precise con-
ditions on the data, the obtained strong solution coincide with weak solutions.
Finally, in Section 6, we recall an auxiliary result related with the Stokes sys-
tem and derive estimates related with the nonlinear terms appearing in our
problems.

2 Notation and statement of the main result

In all that follows €2 is a bounded domain in IR™ (n = 2 or n = 3). The boundary
of 2 is denoted by 9 and is of class C2. Since many of the quantities occuring
in the paper are vector-valued functions, the notation will be abreged for the
sake of brevity and we will use the same notation of norms for scalar, vector
and matrix-valued functions. For z, y € IR, we set (z,y)" = max(z,y) and
2t = max(z,0). For a > 1, we define the following four constants that will be
used throughout the paper

sa = (Jla—2[,2)7, 5o =(la—2,D)7F 9(a=3)*"
_ L3 —(a-t)* _ (et oy
o 2 ’ o= (@@t —pEaFr

For m € IN and 1 < p < oo, the standard Sobolev spaces are denoted by
W™P(Q) and their norms by [|||;m,p. We set WOP(Q) = LP(Q) and ||| z» = |||,
and we also define the space

v = {ue Wir@ N W) | Vv =0in 0},

equipped with the usual norm || - ||,,. We finally denote by C™7(Q) (m € IN
and 0 < v < 1) the subspace of functions v € C™(Q) such that
T sup RiunDt o

z,yeQ



The first main result deals with existence of a W24 strong solution for problem
(1.1) in the case of the differentiable extra stress tensor (1.2);. The proof is
achieved by rewriting the problem in an equivalent form and using a fixed point
argument.

Theorem 2.1 Let [ be in LI(Q2) with ¢ > n and let S be given by S(n) =

2v(l + |77\2)QT_277 with v > 0 and o > 1. There exists a positive constant K
depending only on n, q and Q0 such that, if

K2 J P a 1+(a73)+7(0474)+ P J (a74)+
Yl (1) S e

then problem (1.1) admits a solution u € V*9. Moreover, the following estimate
holds

c* q
], < <1 (2.2)

v

with C* = C*(n, q, Q).

The second main theorem is concerned with existence of a W29 strong solution
for problem (1.1) in the case of the extra stress tensor (1.2)3. Unlike the first
case where S depends on the differentiable term |Du|?, we have to deal here
with the merely Lipschitz continuous term |Du|. To overcome this difficulty,
we introduce a family of approximate problems that fall into the differentiable
case, prove existence of approximate solutions, establish uniform estimates and
pass to the limit.

Theorem 2.2 Let f be in L1(Q) with ¢ > n and let S be given by S(n) =
2v(1 + [n)*~2n with v > 0 and o > 1. There exists a positive constant &
depending only on n, q and 0 such that, if

_2 _ =2 = —3 +
gy, U1 S < g
then problem (1.1) admits a solution u € V*1. Moreover, the following estimate

holds _
crlifll,

v

ully, < (2.4)

with C* = C*(n, q,9Q).

The results stated in Theorem 2.1 and Theorem 2.2 establish existence of a
strong solution in a certain ball, and do not imply that any weak solution is a
W24 solution. Nevertheless, as stated in the next two results, the weak solution

coincides with the strong solution if the term % is small enough.

Theorem 2.3 Assume that o > 2. Let v be a weak solution of problem (1.1)
and let u be the strong solution given by Theorem 2.1 (or by Theorem 2.2). If
the following condition

IIf1l5 n3
<t 2.5
YT e 25

holds, then u and v coincide.



Theorem 2.4 Assume that n3—f2 < a < 2. Let v be a weak solution of problem
(1.1) and let u be the strong solution given by Theorem 2.1 (or by Theorem
2.2). There exists a positive constant k = k(n, q, a, Q) such that if the following
condition

2-a
o (1 1212 ) 7 e (2.6)

v v2

holds, then u and v coincide.

Remark 2.5 Conditions (2.1), (2.3), (2.5) and (2.6) are fulfilled if the term
@ 18 “small enough”, and can be interpreted either as a constraint on the size
of || fllg (small body force f) or as a restriction on the viscosity parameter v
(large viscosity parameter v).

Remark 2.6 Due to compactness results on Sobolev spaces, we deduce that a
W24 strong solution belongs to C*7(Q) for every v < 1 — ’EL. Moreover, by
taking into account (2.2) and (2.4), we have

lullgrn gy < C1Lls,

3 Proof of Theorem 2.1

Existence of a strong solution to system (1.1) is proved by applying a Banach
fixed point theorem. Toward this aim, we first reformulate the original problem
as

—vAu+ V71 =f—u-Vu+ V- (2vo (|Dul?) Du) in €,
Vou=0 in Q,
u=~0 on 0,

with o(z) = (1 + :c)%2 — 1. Next, we define the mapping
A: ( — u,

through the Stokes system

—vAu+ V7 =f—(-V(+ V- (2vo (|D¢?) DS) in Q,
Vou=0 in Q, (3.1)
u=20 on 00,

and we look for the solution as a fixed point for A. This approach was already
used in [28] to study problems of Oldroyd and second-grade types in the Banach
spaces W24 (¢ > n). Here we carry out a careful analysis to obtain sharp
estimates. This is particularly interesting to show the combined effect of the
force f and the viscosity parameter v appearing in the model.



For every 6 > 0, let B(J) be the convex set defined by
B(6) = {¢ € V> | Cp|V(|l.q < 6}, (3-2)

where Cg is the norm of the embedding of W4(Q) into L>(Q2). Our aim is
to prove that if % is small enough, then A maps B(dy) into B(dp) for some
0o > 0 and that it is a contraction.

Proposition 3.1 Let o > 1. There exists a positive constant k1 = K1(n, q, Q)
such that if the following condition holds

5 274 (a74)+
Sl | g (01)7 (14 ) < Yo

malflla - poreover
v : ’

then the mapping A maps B(dp) into B(dy) for some dg >
the following estimate holds

5 < 2allflla (3.3)

v

Proof. Let ¢ be in B(d) and denote by v its image by A. Due to Lemma 6.1,
v € V24(Q) satisfies the estimate

IVelly,, < <2 (171, + 20 ]|V - (o (1ID¢2) DO, +1IC-9¢l,) - (34)
Standard arguments together with (6.2) show that

IV (o (1DCP?) D) ||, < 250 F (CollVCIa) IVCllg < Z20F (5),  (3.5)

and
1€ -V, < 1i¢llq VClo < CeCrIVE, IIVEL,

< CuCp |IVCIIT, < E20%, (36)
where F(x) = 227 (1 + x)(a_4)+ and where Cp = Cp(n,q,Q) is the Poincaré
constant. By combining (3.4), (3.5) and (3.6), we obtain

IVelly,, < 2 (IF1, +vsa 07 (5) +62),

where k1 = Cgmax (1, CAE, %) To ensure that A(B(J) C B(d), it is suffi-

cient that following condition

o <||f||q + vsq 6F (6) + 52> <6

holds. The conclusion follows from Proposition 6.4, by setting A="1, C=k154,

D="1llg- .

Remark 3.2 Notice that Proposition 6.4 implies that for every 5 € [1,2] the
following estimate holds

_ A\t
%50+¥%53+ 2“;1_’3%18(1587"”“ (1+5O)(a 4) < ml\f\lq_

v

It is then obvious that 0y satisfies (3.3).



Let us now prove that the mapping A is a contraction.

Proposition 3.3 There exists a positive constant ks = ka(n,q, Q) such that if
the following condition is satisfied

kel wallfllg \ 2 walfllg ) 9" 1
Ko o q+sa( b Q> (1+ > Q) < oo (3.7

then the mapping A : B(60) — B(do) is a contraction in WH4(Q).

Proof. Let ¢ and CN be in B(dg) and let v and ¥ be their respective images by
A. Then

VAW —-0)+V(r—7)=R in Q,
V-(v—0)=0 in Q,
v—v=0 on 0f),

where

R = V= V¢+29 - (o (ID¢P?) D¢ = o(IDCP) DE)

=V (Col-coc+2w (a(IDCP)DE - o(IDC2) DY) ).

Lemma 6.1 and arguments similar to those used in the proof of Proposition 3.1
show that v — v satisfies the following estimate

IV -9,

< S (|G- cod], + 2o (DSP) D¢ - a(IDGPDE,) . (38
On the other hand, standard arguments yield

[Col—¢cad], <[C-Oadl,+lce -0,

< [¢=cll, (el + 11210 ) < €8l1E =<l (Nl + 1)
< CrCp (Ch+1)¢ [V =, (I¥¢l, +1I9¢]1,)
<2Cp (Ch+1)7 8|V - Q)]

1

< Cp(CH+1)7 251 £]I,[[V(C —¢)

(Estimate (3.3) was used in the last step.) Moreover, due to (6.3), we have

I (3.9)

o (1D¢2) D¢ = o (IDEP) DE|, < 50 F (D¢l + 10801 ) IV = O,

<50 7 (Ce (196l + I¥Cla) ) 96 = O,



< 5 F(200) [V(C = O, < sa F (221f1l4) IV =D, (3.10)
By combining (3.8), (3.9) and (3.10), we deduce that

V(0 =), < k2 (311l + 50 F (2221 £10)) [V (¢ = O,

a— + K K 2rq K (a74)+ p
< 40720 ey (B flly + s (1710)°7 (L4 21£10) ) 196 = O,
where kg = Cg _1 max (2, Cp(C} + 1)%) It follows that A is a contraction if
(3.7) is fulfilled. ]

Notice finally that for a < 3, 7, = m = i and that for a > 3 we have

Yo > ﬁ Hence, by setting k = (k1,%2)T, we see that the statement
of Theorem 2.1 is a consequence of Proposition 3.1, Proposition 3.3 and the
following version of the Banach fixed point theorem.

Theorem 3.4 Let X and Y be Banach spaces such that X 1is reflexive and
X <= Y. Let B be a non-empty, closed, convex and bounded subset of X and
let A: B — B be a mapping such that

|A(uw) — A)|ly <k llu—uvly for all u,v € B (0< k<),

then A has a unique fized point in B.

4 Proof of Theorem 2.2

4.1 An approximate problem

For 0 < € < 1, consider the problem given by

-V (2y(1—|—\/52+|Du|2)a_2Du) +u-Vu+Vr=f inQ,
Vou=0 in Q, (4.1)
u=20 on 0N.

The idea is to apply arguments similar to those used in the proof of Theorem
2.1 to establish existence of a strong solution for (4.1). Uniform estimates with
respect to € are then derived and convergence results obtained.

Problem (4.1) can be reformulated as
v (1+e)* P Au+Vr=f—u-Vu+V-(2vo. (|Duf?) Du) inQ,
Vou=0 in Q,
u=0 on 0,
a—2
with o.(z) = (1 + /€2 + |Du|2> — (1 +¢)*2. We define the mapping

A0 ¢ — u.,



through the Stokes system
—v(14¢e)*2Au. + Vr. = f = (- V(+ V- (2vo. (ID¢?) D¢) in Q,
V-u. =0 in Q,
us =0 on 0,
(4.2)
and we look for the solution as a fixed point for A..

Theorem 4.1 Let f be in LY(Q) with g > n, a« > 1 and 0 < &€ < 1. There
exists a positive constant k depending only on n, q and Q such that, if

_2 _2 — (0473)+
E ﬂ;\lq +5,° Hyfllq (1+ NHIJ/”Hq) < 1

gla—2,1)t

then problem (4.1) admits a unique solution u. € V>9. Moreover, the following
estimate holds

C«*
||u€||27q < [If1lq (4.3)

where C* = C*(n, q,9Q) is independent of ¢.

For 6 > 0, let B(d) be the convex set given by (3.2). In order to prove Theorem
4.1, we first need the following result.

Proposition 4.2 There exists a positive constant k1 depending only on n, q
and € such that if the following condition holds

_a\*t
ﬁym+%ﬁ@u0+mww“3)§%,
then the mapping A. maps B(o) into B(dy) for some §g > wj”“ independent
of €. Moreover, the following estimate holds
© or
0o < S flla-

Proof. Let ¢ be in B(d) and denote by v, its image by A.. Due to Lemma 6.1,
ve € V24(Q) satisfies the estimate

1Vl < i (171, + 201V - (o (1DSP) DO, + 116 - ¢,

<222 (|f), + 2|V - (0 (DCP) DO, + ¢ ¥¢l,) - (44)

Taking into account (4.4) and (6.9) and arguing as in the proof of Proposition
3.1, we deduce that

IVeel g < 2 (171, + 50 8L () +6%),

where L(z) = z(1 + x)(a*3)+ and R1 = 2Cg o max (1, c%’ %2) To ensure that

A:(B(9) C B(9), it is sufficient that following condition

& (|1f1l, + v5a 0L.(6) +6%) <6
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holds. The conclusion follows from Proposition 6.5, by setting A==, C=Fk15q,
D=L fllq- "

Remark 4.3 Notice that Proposition 6.5 implies that for every § € [1,2] the
following estimate holds

_ )t &
P50+ 225 4 20k 5,8 (14 60) "0 < Ex|
Obuiously, the claimed inequality is obtained for B = 2.
Let us now prove that the mapping A, is a contraction.

Proposition 4.4 There exists a positive constant ko depending only on n, q
and 0 such that if the following condition holds

a—3)t
- (mllflq T 5, malls (Hrzlnfuq)( g >< L (4.5)
v aa—2, )T :

then the mapping A. : B(8y) — B(&) is a contraction in WH4(Q).

Proof. Let ¢ and ¢ be in B (8) and let v. and ¥, be their respective images by
A.. Then

v (14 A(ve — 0.) + V (me — 7)) = Re in Q,
V(v —0.)=0 in €,
Ve — 0 =0 on 00,

where

= (V= ¢ V¢ + 209 - (o (IDC?) DE = o (IDEP) DC)
=V (Cal-c¢ac+2v (o (1DC?) D - 0. (ID{?)DE) ).

Lemma 6.1 and arguments similar to those used in the proof of Proposition 4.2
show that v. — v, satisfies the following estimate

IV -a),

<282 (|Cwl - o], +2vllo (1D¢P) D= o (IDI?)DE,) - (46)

Taking into account (4.6) and (6.10) and arguing as in the proof of Proposition
3.3, we obtain

960 = a0}, < R (511l + 50 £ (21£1)) 96 - D),
<4025y (%17, + 527 (L+ 20110 ) V=3l

where Ry = 2Cg_1 max (2, Cp(CL + 1)%> It follows that A, is a contraction

if (4.5) is fulfilled. n
Notice finally that for o < 3, v, = ﬁ = i and that for o > 3 we have

Yo > ﬁ. Hence, by setting k = (K1, k2)T, we see that the statement of

Theorem 4.1 is a consequence of Proposition 4.2, Proposition 4.4 and Theorem
3.4.
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4.2 Passage to the limit

Due to Theorem 4.1, the sequence (u.). is uniformly bounded in W?24()). There
then exists a subsequence, still indexed by &, and some u € W24(Q) such that
(us). weakly converges to u in W24(Q). Since ¢ > n, by compactness results
on Sobolev spaces, we deduce that u strongly converges to u in C17() with
y<1-— %. By passing to the limit in the weak formulation

2 (14 Ve + D) " Duc, D) + (e Ve, 9) = (f,)  forall p € V2
we obtain
2v ((1 + ‘DUDO[_QD’U,, Dgo) + (u-Vu,p) = (f,¢) for all o € V1

i.e. u is a solution of (1.1). Estimate (2.2) is a direct consequence of (4.3). &

5 Uniqueness results

5.1 Proof of Theorem 2.3

Let us first estimate || Dvl|2. Setting ¢ = v in the weak formulation of (1.1) and
using the Poincaré and the Korn inequalities yield

20| Dv|f3 < (S(Dv), Dv) = (f,v) = (v Vv,0) = (f,v) < [|fll; v

1 1
-1)|Q» V(=IO
< @=L ) £ ([ Vo, = LODIO £ Dy,

and thus

HD,UH2 < %”ﬂ\z. (5.1)

v

(See for example [16], Chapter 2 for the expression of the Poincaré constant.)
Similarly, by substituing in the weak formulation of (1.1), setting ¢ = u — v
and taking into account Lemma 1.1, Chapter 8 in [16], the Korn inequality and
estimate (5.1), we obtain

(S(Du) — S(Dv), D (u —v))
=—(u-Vu—-v),u—v)—((u—v) - Vo,u—v)=—((u—v) - Vo,u—wv)

1 3 1
— Q| n(n=1) 2 22 —1)|Q|nn=1) 2
< =D 19 (4w — w) |3 Vol = Z22=DRE2 D (u - ) |3 | Dol

- n

2(n—1)212] 7T ||f]2 2
< B =1 ID @ - vl (52)

On the other hand, the coercivity condition

(S(n) = S(C) : (n—¢) = 2v|n—¢[?
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yields
2 ||D(u—v)||3 < (8(Du) — S(Dv), D(u —v)). (5.3)

Combining (5.2) and (5.3), we deduce that

_1
(2w - 2=t e ) (- ) < 0

n3 v

and thus u = v if condition (2.5) is fulfilled. n

5.2 Proof of Theorem 2.4

The proof is split into three steps and is given for the extra stress tensor (1.2);.
The proof corresponding to the extra stress tensor (1.2)9 is obtained with very
minor changes (see for example [10] where similar arguments are developed).

Step 1. Let w be a weak solution of (1.1). Standard arguments show that

1wl = [ Do) do+ [ Dufa)|* do
{zl| Dw(x)[=1} {z||[Dw(z)|<1}

2—«

<9%® / L §(Du(x)) : Dw(x) dz + |9
{z||Dw(z)|>1}

«
22
=5

(S(Dw), Dw) + || < (iw) +19. (5.4)

Since a > ;25 we have L?(2) < Wy *(€2) and by using the Holder, the Sobolev
and the Korn inequalities, we deduce that

—1 f
[(£0)] < 2 g Mol e < 520 Ul g

nfla—n —a

Ya—2n

< a(n—1) gan

— 2(n—a)v/n

(n+
12|

|f] |f]

LR vel, < rolf | Dull,
a(n—1)jo
2(n—a)v/nCk o
[16], Chapter 2 for the expression of the Poincaré and the Sobolev constants.)

This inequality together with (5.4) imply

with k1.4 = and where Ck  is the constant of Korn. (See

1Dw||® < ko M2 | Duwl|,, + (9. (5.5)

v

On the other hand, due to the Young inequality

1l
v

K1« o
m,a'f,,”znpwnag( - )  1Dwlls (5.6)

Combining (5.5) and (5.6), we deduce that

IDwll} < (k1aldl2)" 410, (5.7)

v
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Step 2. Let wy and wy be two weak solutions of (1.1). By taking into account
the monotonicity condition

a—2

(S) = S(Q)): (—0) = 20 (L+ |2 +1CP) T In—¢P?
we deduce that the following inequality holds a.e.
D (w1 — ws)[?
< L (S(Dwy) — S(Dws)) : D(wy — wy) (14 |Dwy|? + [Dws|?) = .

Integrating and using the Holder inequality, we obtain

|D(wy —ws)]|?

< [+ 1Dwn + [Dwnp?) 5

I35 (S(Dw1) = S(Dws)) : D(wr — ws)|,

—a

< & (101 + [Dwn |3 + | Dw2l|) = (S(Dwi) = S(Dws), D(w; = w5))

which gives

S(Dwy) — S(Dws), D(w; —wsy)) > 20| Doy —ws) |3 —.
(§(Dwr) = S(Dwy), Dlwn = ws)) (1204 Dws |2+ Dwa 1) 2=

Setting ¢ = w; — wy in the corresponding weak formulation and taking into
account the previous inequality, we obtain

20| D (w1 —w2)||2,

(121 Dwi |+ Dw2 1)

2—«a
a

< (S(Dwy) — S(Dws), D (w1 —wa)) = — ((w1 — we) - Vwa,w; —ws). (5.8)

The Holder, the Sobolev and the Korn inequalities together with classical em-
bedding results show that if % < 2% (and thus a > %)7 then

|((w1 — w2) - Vwa, w1 — ws)]

(nt+2)a—3n
< Jlwy — wa|%ea [ Vwall, < 1016wy — ws*ue [|Vaa]],
a—1 Fop——
(a(n—1))jo e )
s = dn(n—a)? ||V(U}1 - w2)||a HVIU2||a
2
< Fga || D(wr = ws) | [[Dwsll, (5.9)

(n+2)a—3n

where kg o = T Dl e — Combining (5.7), (5.8) and (5.9), we obtain

4n(n—a)2C§(7a

20 || D(wr — ws)|7

2—a
< Kza (1Q] + [|Dwi[|§ + [ Dwa|5) = [ Dwell,, [D(wr —ws)]
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2—a

< v (30002 (00 42)" ) 7 1Dl 10001~ vl

2—a

< g (14 (12)) ™ [ Dws |, 1D(wr = w2) |2

—a

< 20 (14 12) 7 | Dusll, 1D (s — wa) 2 (5.10)

v

2—a

with K34 = Ko, (3‘Q| +2 (“1,a>a/)

Step 3. Let u be the W24 solution of problem (1.1) given by Theorem 2.1 and
let v € V,, be a weak solution. Due to (5.10) and (2.2), we have

2—a
2 a—1 ||Du 2
|ID(v —u)|;, < k3,0 (1 + Hqu2> I DHQ | D(v — )|

[e%

2—«
a—1 ||Vull

v

< g QU (14 1)

v

*|D(v — )]

[

2—«
1_1 a1 ||f
< CF kg olQ]= 7 (1 + —”fu”z) e D w2

a

It follows that u = v if (2.6) is fulfilled with k., = C*n37a|Q|é_é. "

6 Appendix

We first recall a classical result concerning the existence and uniqueness of
solutions to the Stokes system. The complete treatment of this problem in
the case of a bounded domain in IR® is due to Cattabriga [9]. (See also [16]
where the proof, based on similar arguments, is developed for bidimensional
and tridimensional domains.)

Lemma 6.1 Let m > —1 be an integer and let Q be a bounded domain in IR"
(n = 2,3) with boundary 9 of class C* with k = max(m + 2,2). Then for any
T € WmtLa(Q), the following system

—Au+Vr=V.71 in €,
V-u=0 in €,
u=0 on 09,

admits a unique solution (u,m) € WMT24(Q) x (W™T4(Q) N LE(Q)). More-
over, the following estimate holds

IVullmt1,g + 17 llmt1,g < CsmllTllmt1,q: (6.1)

where Cgm = Cs.m(n,q,m, Q) is a positive constant.
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In the next two propositions, we establish some useful estimates related with
the shear-dependent viscosity term appearing in system (3.1) and (4.2).

Proposition 6.2 Assume that o > 1 and let ¢, ¢ be in W29(Q) with q¢ > n.
Then the following estimates hold

|V« (o (ID¢1*) DQ)||, < 280 F (II1D¢]loc) IV< 1.4 (6.2)

,
| (1D¢P) D¢ 0 (1D3?) DE|| < 50 F(IDC o + [1DX1) V(¢ = O], (63

where F(x) = z% = (1 + ac)(a_él)+ with 1o, = 3 (1+ (= 3)" = (a —4)"), and
Sa = (Ja—2|,2)T.
Proof. Let us first recall that for every z,y € IR", we have

20 (27) | < sq Fl(2), 2|0’ (2?) |22 < 54 F(2), (6.4)

27’0(71 (

a4t
lo(2%) — o(y%)| < sa (x+) T+z4+9) D |z -yl (6.5)

where s, and F as defined in the statement (see [2] for the corresponding proofs).
Standard calculations show that the following estimate holds a.e.

IV - (a(1D¢*) D)
<o (ID¢I*) V- D¢| + |0’ (|DSI?) D¢ - VD
<o (ID¢P)[ IV - D¢| + 20" (D7) 1DCI? [V
< (Vo (1D¢]?) [+ 210’ (IDCP) [DCP) (V¢
<2(lo (ID¢P)| + |0’ (ID¢I*) I1DE?) [VE¢]

and consequently

|V (e(ID¢?) D) |,
<2([lo (ID¢?)]| o + llo" (1DI?) 1D¢]| ) V3¢,
<2(||e (IDSP) ||, + llo” (ID¢?) IDSP|| L) 1IVE - (6.6)

Taking into account (6.4), and the fact that F is a nondecreasing function we
deduce that

2[o(1D¢P) | < sallF (IDSD oo < saF (1D€]l o) » (6.7)

and
2]jo" (IDSI*) [DCP?]| o, < saF (1D¢]l) - (6.8)

Combining (6.6), (6.7) and (6.8) we obtain (6.2). Similarly, we have

o (ID¢P) D¢~ o (1DE?) D]
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< o (IDSH)||D¢ = Q)| + |o (ID¢?) - o (IDP) || DL
< s |D¢2r (14 D) D¢ - O)
2ro—1

t50(1D¢| + [DE) Y DE| (1 + [D¢| + D) V7| |p¢| — | DE|
< 5o F(|D¢| + | D)

and thus ~ ~
| (1D¢P) D¢ —o(1D3?) D
< sal|[F(IDC + DN [ LD = D,
< 30 F (|1 D¢llos + 1 DClo) [ D(¢ = O -
The claimed result is then proven. ]

Proposition 6.3 Assume that 0 < e < 1, o > 1 and let ¢, ¢ be in W24(Q)
with ¢ > n. Then the following estimates hold

IV (0(ID¢P)DE) ||, < 450 £ (IDCN0) V€11, (6.9)

0:(1D¢*)D¢ = 0-(IDEP)DE|| < 5o £(1DC] e + D) [V =), (6.20)

with L(z) =z (1 + x)(a73)+ and 5o = (Ja — 2|, 1)F2@=3)"
Proof. The proof is split into two steps
Step 1. Let us first prove that for all z,y € IR™, the following estimates hold

|loo(2%)] < 5aL(x) and ol (#%)] 2® < 5aL(x), (6.11)
a—2 a—2
‘(1+\/5+x2) - (1+ve+9)
< (l+24+9) 2 —y, (6.12)

where £ and 5, are as in the statement.

e Suppose that o € [2,3]. Then |o.(z)| = o.(z). Consider the function f :
IR"™ — IR defined by

f(z) =lo(z)| - x—(1+\/52+x) —(1+e)* %= Vz.

For = > 0, we have

f'(x) \/7(1+V‘€2+x) W

_ a—2)\/T =3 —
= ol (BRLE (14 v ra) T 1) <552 <0
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Therefore, f is a decreasing function and f(z) < f(0) = 0 for all x € IR™, i.e.
lo-(x)] < V& forallz € IRT. (6.13)

e Suppose that o €]1,2]. Then

1+\/27+m 2—04_(1_,’_ )2—04 2—« 9 a
jo=(2)] = —o=(2) = ((Hg;,a()um;,a <(1+Vetz)  -(+e)

and using arguments similar to the previous case, we deduce that
lo-(x)] < V& forallz € IRT. (6.14)

e Suppose that o > 3. Then |o.(z)| = o.(z). Consider the function g : IR" —
IR defined by

g@) = oe(@) = (a —2)va (1+ V@ + )"
—(1+VE@+2) " (140 = (a—-2va (1+ V2 +2)" ",
For = > 0, we have
a—4
g’(m):Q(\‘/"%(l—&—\/a?—i—x) (1+\/52+ —f—ivigz(l—k\/m)).
Observing that

1+vVe2+o2—vVz<l+e and —Vf“‘ﬁﬂ(udgux)zus

we deduce that g is a decreasing function and g(z) < g(0) = 0 for all x € IR™.
Therefore,

o) < (0~ 2VE (14 V2 T2)" <(a-2VE(1l+etvVa)"

< (a—2)297%z (1+V2)" 7 (6.15)

Taking into account (6.13), (6.14) and (6.15), we obtain (6.11);. On the other
hand, simple calculation show that

a—3
ot (@)l = SALVE (14 V22 1 0)
< o — 2|z (1 + /€2 +x)a73 <la—2|Vz (1 +Ve? +x)

a3t a—3)t
<la—2Vz(1+e+va) ™ <la—22073" a (14 z) ™
which gives (6.11)s.

(a=3)"

e Let us recall (see [2]) that for every a,b € IRT, we have

a—2)F_
(1+a)*2-(1 +b)’l_2‘ < (Ja—2[,1)" |a—b (1+ (a,b)") > "
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Setting a = ve2 + 22 and b = /&2 + y2, we deduce that
a—2 a—2
‘(14—\/524—3:2) - (1+\/52+y2)
(a—2)T—1
< (=21 [VET a2 = VA ] (14 /e 4 ()’
(a—2)T—1
= (la — Ty — | ——=ty 2 +12
(=2 )" b= o] s (1422 + (0 )
(a—2)t—1
< (=20 lo—al (14 /2 4 (@) )

(a—3)*
< (lo—2.1)* [z —y] (1 yEN <<x,y>+>2)

(a=3)*

<(lo =2, )" |z =yl (1 +e+ (z,9)")

a—3)* (a=3)*
< (\a—2|,1)+2( 3) |z — gy (1+ (Jc,y)+) ¢

which gives estimate (6.12).

e Estimate (6.9) (respect. estimate (6.10)) can be obtained by taking into
account (6.11) (respect. (6.12)) and following step by step the proof of estimate
(6.2) (respect. estimate (6.3)). ]

We finally derive conditions that guarantee existence of a real root for auxiliary

functions involved in the proof of our main results.

P ition 6.4 Let 7y — (a0 =02 it B RY — IR be th
roposition o. €l Yo = W an € : (& e
function defined by
F(§) = As*> — 5+ C6F(5)+D

where A, C, D are positive constants and where F is defined in Proposition 6.2.
If the following assertion holds

AD + CD?* (1+ D)9 <4,
then F' possesses at least one root 6g. Moreover, g > D and for every B € [1, 2]
the following estimate holds

1

BL50 + 252 A0 + 228050 F(50) + L“;‘*)* §2rat2 (1 4 §p) @ "t < p.

Proof. Since the result is direct for a €]1, 3], we assume in the rest of the proof
that a > 3. Let us first notice that for every A € [0, 1], we have

F(AD) = AN*D? + CADF(AD)+(1-X)D >0
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and consequently, a root of F' should be of the form A\gD with Ag > 1. For
A > 1, consider the functions G and H defined by

G(A) = F(AD) = A(AD)? + C(AD)?=*1 (1 + AD)*Y" D + D,

H(\) = (AD? + CD¥<*1 (14 D)™ ) A*1 = AD 4 D,

Let us first compare these two functions and their derivatives. Straightforward
calculation shows that

H(A) = G(A)
= AD? (A*"1 = \2) 4O Dt ()\aq (1 +D)(a,4)+ At (] 4 )\D)(a%)*) .
Since for A > 1 we have A2 < A\*~! and
A\2ratl (1+ /\D)(a—4)+ < \2ratl (A + /\D)(a—4)+ — o1 (1 +D)((x—4)+7

we deduce that
G(\) < H(N) for all A > 1. (6.16)

Similarl
imilarly, HO) - @0

= AD? ((a — 1)A*2 = 2)) + CD¥ (= 1) (1 4+ D)@~ o2
—CD¥ N (14 AD) O™ T (2, 14 (a — 1)DN).
Since for A > 1, we have 2\ < (o — 1)A*"2 and

Ao (1 4+ AD) ™ " (20, + 1+ (a — 1)DA)

< (o= DA (1+AD) " < (a— DA (14 D),

it follows that
G'(\) < H'(\) for all A > 1. (6.17)

On the other hand, the function H admits a critical point

A = 1
((ozfl) (AD+CD2M (1+D)(“—4)+)) a

and obviously

A>1 if AD+CD* (1+D) 9" < _L (6.18)

a—1"

Moreover, if

H(\) <0 < AD+CD¥ (1+D)* V" <20 (6.19)
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then H admits a zero Ay €]1, A.] such that H'(Agy) < 0. If condition (6.19) is
fulfilled, then (6.18) holds. By using (6.16), we deduce that G(Agy) < H(Ag) =0
and

G(1)G(Aum) <0.

There then exists 1 < Ag < Ag such that
G(Ag) =0 = F(AgD) =0

and thus dg = AgD is a zero for F. Moreover, (6.17) together with the fact that
H’ is nondecreasing yields

F'(00) = 5G'(A¢) < 5H'(Ae) < 5 H'(Am) < 0.
Therefore, for 5 € [1,2], we have
So = A2 + COF= (1+60) Y 4+ D
= LF/(80)00 + 160 — 252 A8% — ZratL=B 0s2ratl (1 4 5) (@
_Clasat gara (1 | syt
< L6y — 258 A8; — et =B ogtratl (1 4 5) @Y
-Gl gt (14 5) 0y p
which implies the estimate and completes the proof. ]

«,3)T—
Proposition 6.5 Let v, = % and let L : IRY — IR be the
function defined by

L(0)=As* —5+C6L(S)+ D

where A, C, D are positive constants and where L is defined in Proposition 6.3.
If the following assertion holds

AD+CD(1+ D)7 <,

then L possesses at least one Toot 8g. Moreover, 6o > D and for every 8 € [1,2]
the following estimate holds

_ _ _ _ _ = (a—3)t—
B150 + 28 AR + 22 C80L(S0) + COFU6E (14 60) 7Y T < D

Proof. The claimed result is obtained by direct adaptation of the proof of
Proposition 6.4. |
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