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Abstract

We study optimal control problems of systems describing the flow of incompressible shear-
thinning fluids. Taking advantage of regularity properties of the flows, we derive necessary
optimality conditions under a restriction on the optimal control.
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1 Introduction

This paper deals with optimal control problems associated with a viscous, incompressible fluid
described by the following partial differential equations that generalize the Navier-Stokes system

V. (r(Dy)+y-Vy+Vr=u  inQ,
V.-y=0 in Q, (1.1)
y=20 on I,

where y is the velocity field, « is the pressure, 7 is the extra stress tensor, Dy = % (Vy + (Vy)T)
is the symmetric part of the velocity gradient Vy, u is the given body force and Q@ C R™ (n =2
or n = 3) is a bounded domain with boundary I'. We assume that 7 : S — S is a classical power
law stress tensor of the form

a—2 _
mrn) =2v(1+ %) % n o () =201+ >

where v and « are positive constants. (Here S consists of all symetric n x n-matrices.) We recall
that a fluid is called shear-thickening if @ > 2 and shear-thinning if 1 < o < 2. For the special
case 7(n) = 2vn (a = 2), we recover the Navier-Stokes equation with viscosity coeficient v > 0.

The paper is concerned with the following optimal control problem

Minimize / ly — yal® do + 2 / u|® dz
Subject to  (u,y) € Uag x Wy ®(2) satisfies (1.1) for some 7 € L*(£2)

where y4 is some desired velocity field, A\ is a positive constant, the set of admissible controls
Uaq is a nonempty convex closed subset of LI() with ¢ > n and 7%:2 < a < 2. Although
the analysis of several results can be more general, in order to simplify the redaction, we will
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assume that Uyq C {v € L1(Q) | ||v]|q < U} for some U > 0. Throughout the paper, the optimal
control problem corresponding to 7 will be denoted by (Pg) and the optimal control problem
corresponding to 7y, will be denoted by (Pr).

The partial differential equations describing the considered class of fluids were first proposed in
[8], [9] and [10] as a modification of the Navier-Stokes system, and were similarly suggested in
[11]. Existence of weak solutions in VVO1 () was proved by both authors using compactness
arguments and the theory of monotone operators for o > %

This basic regularity may prove insufficient for deriving the necessary optimality conditions for
control problems governed by these equations, especially when considering shear-thinning fluids.
As a consequence of the combined effect of the convective term and the nonlinear stress tensor,
the lack of regularity of the state variable creates some difficulties in connection with the local
Lipschitz continuity (and thus with the Gateaux differentiability) in adequate functional spaces of
the control-to-state mapping and with the natural setting for the associated linearized equation
and the adjoint state equation. These issues were overcome in the case of shear-thickening
fluids treated in [2] and [4] by using a suitable functional setting involving weighted Sobolev
spaces. The optimality conditions are obtained in both two-dimensional and three-dimensional
cases, without assuming any further regularity on the state and without restraining the set of
admissible controls. The only constraint concerns the optimal control.

The case of shear-thinning fluids is more delicate and the techniques in [2] and [4] do not apply.
In [3], these difficulties were handled by introducing a family of smooth approximate control
problems falling into the case a = 2 and whose solutions converge towards a solution of the
original problem. The properties of the approximate control-to-state mapping were carefully
studied and the approximate optimality conditions established. Under a constraint concerning
the size of the optimal control, the same that guarantees uniqueness of the corresponding state,
the optimality conditions for the original problem were then established by passing to the limit.
As expected, because of the reduced regularity of the corresponding state variable, the adjoint
equation is to be understood in the sense of distribution and uniqueness of the adjoint state is
not guaranteed.

These issues can be more easily managed if the velocity gradient is bounded. Nevertheless, despite
the fact that system (1.1) was widely studied, higher global regularity of solutions is difficult to
obtain in general and there are only few such results known up to nowadays. In the case of
steady shear-thinning fluids and C! extra stress tensors, the most significant global regularity
results up to the boundary have been obtained in [12] in the two-dimensional framework enabling
the derivation of some optimality conditions in [14], though restricting all the admissible set of
controls to guarantee uniqueness of the corresponding solution and differentiability of the control-
to-state mapping.

In the present work we follow [1], where both two-dimensional and three-dimensional cases for C'*
and Lipschitz continuous extra stress tensors were treated, and identify a condition under which
uniqueness and regularity of weak solutions are both guaranteed. Observing that the optimality
conditions established in [3] apply to problem (Pg), we take advantage of the regularity results
in [1] to prove that the corresponding adjoint equation can be interpreted in the weak sense and
that the adjoint state is unique and more regular. This result is obtained under a restriction
involving the LZ-norm of the optimal control, similar to the one imposed in [3].

Concerning problem (Pr,), besides the difficulties induced by the nonlinearity of the extra stress
tensor and the convective term, the non-regularity of the model has to be managed. Since 77, is
not differentiable at the origin, the optimality conditions of [3] cannot be used. To overcome this
difficulty, we introduce a family of regularized problems that fall into the case of C'' extra stress



tensors. By exploiting some results of existence, uniqueness and regularity of solutions for the
corresponding regularized state equation already established in [1], we derive the corresponding
optimality systems and the optimality conditions for (Pr,) are obtained by passing to the limit. A
similar regularization approach was successfully used in [5] to study optimal control problems of
systems governed by quasiliear elliptic equations with non differentiable coefficients at the origin
and more recently in [6], for the treatment of a problem governed by the Bingham nonlinear
mixed variational inequality.

The plan is as follows. Notation and some preliminary results are given in Section 2. Section 3 is
devoted to existence, uniqueness and regularity results for the state equation and to the derivation
of corresponding estimates. Section 4 deals with existence and uniqueness of weak solutions for
the adjoint equation. In Section 5, we state and prove the necessary optimality conditions for
problem (Ppg). Section 6 is dedicated to the treatment of the control problem (Py): we introduce
a family of regularized control problems and derive the corresponding optimality conditions.
Next, we establish some convergence results and by passing to the limit, we prove the optimality
conditions for (Py,).

2 Notation and auxiliary algebraic lemmas
For n,¢ € R™*", we define the scalar product and the corresponding norm by

n 1

n:iC= Y MGy and |n[=(n:n)?.
ij=1
For n € R»>*mxnxm and ¢ € R™ ™, the scalar product n : ( € R"*" is defined by
O = D MigkeCre 4§ =1, ,m,
k=1

and we can verify that for n € R?*nxnxn_( ¢ ¢ R*"*" we have

(:¢):&=(E:m): ¢,

where & : p € R"*" is given by (£ : n); Z MietijEke-
k=1
As already referred in the introduction, the extra stress tensor takes the regular form 7x(n) =

2v (1+|n|?) = n or the Lipschitz continuous form 77 (n) = 2v (1 + |n))* ?%. Standard argu-
ments show that 7z € C' (S) and 77, € C* (S \ {0}) with

(T 3 >
%Z))u = 2w(a—2) (14 [n]?) = nijnke + 2v (1 + |n| ) dirdje, (2.1)
OLlee — 9p(a— 2) (14 |p)* > 222 + 20 (1 + )™ 2 6 (2.2)
Onij I Il K e '

where (d;5);; denotes the Kronecker tensor. To overcome the singularity of the derivative of 7,
at the origin, we introduce the regularized stress tensor 77, . : S — S given by

() =2v(1+7r(In)**n  0<e<1,



where the regularizing function r. is given by r.(s) = ve? + s2. It is obvious that 7,0 = 7.
Moreover, 77, . € C! (S) for e > 0 and

rnee — 9y — 2) (147 (n))* ™ 29 + 20 (1t v () > inde. (2.3)

Throughout the paper we set

()¢ €= Z Z Dl ey G EES (A0 T =71).

i,j=1k=1
The next result deals with some useful properties of the tensors 7, 71, and 7z, ..
Lemma 2.1 Let 7 =171 or 7 =11, for 0 <e < 1. Then

For alli,j,k,0=1,---,n

a—2

Tl <2 @) (1r ) T forallneS (#04e=0)

and
T'(ﬂ)iCiCZV(a—l)(lJr\?ﬂ) |C|2 foralln,C€S (n#0ife=0).

Proof. Consider first 7 = 7. Standard calculations together with (2.1) and the fact that
1 < a < 2 show that

1

O7re(n) < _ 2 2 QT72
L2z | < 2= a) (14 )T g2 + (1+ |nf?)

Nij

— (14T (G- +1)

<@B-a)(l+m?) 2
for all n € S. Moreover,

L :CiC = (@2 (14T :0+ 1+ P) T g
> (a—2) (L+[n2) 7 oIl + (1 + nf2) T G2
(L4 2T (la = Dl +1) kP
>

a—1) (L [n?) T [P

which gives the result. Similarly, considering 7 = 7z, . for € € [0, 1] and taking into account (2.2)
and (2.3), we deduce that

In|*

(2= a) (L4 re ()"~ 245 + (1 re ()"
2 =) 0 e ()bl 1 7 ()
(3= a) (L+re ()"
SE=a)(+) < G-a) (1) T

1
2v

O1ie(n)
onij

IA

IN

2—«

IN

forallnesS (n#0ife=0,ie. if 7 =7L). Moreover, since

@O < WLl < —Blsr (Inl) 112 < e (Inl) 1€



we deduce that
() C:¢ = (a—2) (L7 ()™ s 4+ (14 re (Jn)* 2 ¢
> (o — 1) (147 () * > [¢P?

a—2
zm—l>%2@+v4mmﬂ Sk
>(a—1)27 (1+2) 2 B (1+|77|) e I¢[?
za—12a2(1+|n|) g2

> o (14 [p?)” G
and the claimed result is proven. (I

As a consequence of the previous lemma, we have the following standard continuity and mono-
tonicity properties for 7, 71, and 7z, ..
Lemma 2.2 Let 7 =71 or 7 =11, for 0 <e < 1. Then,

a—2
[Tl <2v (1 +[n*) 2 ol forallnes,

(r(n) =7(0) : (n =€) > vl =1) (L+[nf* + [¢[) Tn—C?  forallnCes.
Proof. The continuity condition is direct for 7 = 7z. For 7 = 71 . with e € [0, 1], we easily see
that

7L, (] < ()| < |mr(n)]
The monotonicity condition is obviously satisfied for n = (. If n # (, by taking into account
Lemma 2.1, we obtain

uw—ﬂmwm«>=AHWHu—mwam—omro
zWa—UZ;a+wn+a—@q)5 ds|n — ¢

Zu(a—l)/o (1+ sl + (1= 9)IC?) T dsln—c[?

> v(a—1) (L+ P +[¢?) -
which gives the claimed result. ([

Throughout the paper €2 is a bounded domain in R” (n = 2 or n = 3). The boundary of Q is
denoted by T' and is of class C2. The space of infinitely differentiable functions with compact
support in  will be denoted by D(2). The standard Sobolev spaces are denoted by W<(Q)
(keNandl<a< oo) and their norms by H ||;C o We set WO(Q) = L¥(Q), || - s
L§(Q) = {ve L*(Q) | [,v(z)dz =0} and o/ = -2 (the dual exponent to ). We will also use
the following notatlon

(u,v) = /Qu(a:) -v(z) dz, we L*Q)", ve LY ()",

(n,0) =lﬁuw«wMa ne L@, ¢ e Lo (<.



Since many of the quantities occuring in the paper are vector-valued functions, the notation will
be abreged for the sake of brevity and we will omit the space dimension n in the function space
notation. (The meaning should be clear from the context.)

In order to eliminate the pressure in the weak formulation of the state equation, we will work in
divergence-free spaces. Consider

V={peDQ)|V-¢=0 inQ},
and denote by V,, the closure of V in the L%*norm of gradients, i.e.

Va:{cpEWOl’a(QHV-go:O inQ}.

3 State equation

This section is devoted to existence, uniqueness and regularity results for the state equation and
to derivation of some estimates useful for the subsequent analysis.

As already referred in the introduction, existence of weak solutions was proved by Ladyzhenskaya
and Lions for a > n?’T’fQ The restriction on the exponent « ensures that the convective term
belongs to L! when considering test functions in V,,. Multiplying equation (1.1) by test functions

p € V,, and integrating, we obtain the following weak formulation.

Definition 3.1 Let u be in L?(2). A function y € V,, is a weak solution of of the state equation
(1.1) 4of
(7 (Dy), Do) +b(y,y,0) = (u,0)  forall p €V,

where b is the trilinear form defined by b(w,y,v) = (w - Vy, ).

We recall that, having a solution satisfying the previous formulation, it is standard to construct
the corresponding pressure m € L§(2) such that

(7 (Dy), Do) +b(y,y,0) — (m,V -y, ) = (u, p) for all ¢ € Wy**(Q).

We will involve the pressure only in the statement of our results but not in the proofs, since it
can always be reconstructed uniquely.

Besides existence of a weak solution for the state equation, results on uniqueness and regularity
of such a solution are important in the treatment of control problems governed by shear-thinning
fluids. In the present paper we follow [1], where both two-dimensional and three-dimensional
cases for C! and Lipschitz continuous extra stress tensors were considered, and identify a condi-
tion under which uniqueness and regularity of weak solutions are both guaranteed.

Theorem 3.2 Let u € LI(Q) with ¢ > n and let T = T with 7%2 < a < 2. Then problem (1.1)

admits at least a weak solution y,, € Vi, and the following estimate holds
1Dyl < & (1) + 0, (3.1)

where C' = 5(n,a,q, Q). Moreover, there exists a positive constant x depending only on n, a, q

and Q0 such that if
2(2-a)
" (" (1 ) ":'2“> <1, (38.2)




then this solution is unique, belongs to W*4(Q) and the following estimate holds

< %H“”q (3.3)
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|9 2,q
with K = k(n, q,$).

Proof. By taking into account Lemma 2.1 and using standard arguments, we may prove existence
of a weak solution y,, € V, of equation (1.1) (see, e.g., [13]) and the following estimate holds

Dyl < 0 (1) 410

with C' = C(n, a, Q) (see, e.g., Theorem 3.2 in [3]). Therefore,

v

1Dyl < € (Jf -3 ele) " 110

and estimate (3.1) is proven. Moreover, due to Theorem 3.3 in [3] there exists a positive constant
k1 depending only on n, o and €2 such that if

2(2—a)

0 (101) 5 oo

then problem (1.1) admits a unique weak solution. On the other hand, due to Theorem 2.1 in
[1], there exists a positive constant ko depending only on n, ¢ and €2 such that if

o (Lals 4 s} <1, (3.5)

then problem (1.1) admits a strong solution y,, € W24(Q2) and (3.3) holds. Setting

2(2—a)
K = max </€1|Q|§; (1 + |Q|%*%> o ,/@2> , (3.6)

we can see that condition (3.2) implies (3.4) and (3.5) and the claimed result is proven. O

Theorem 3.3 Let u € LY(Q) with ¢ > n and let 7 = 71, with f—_& < a < 2. Then problem
(1.1) admits at least a weak solution y,, € Vo and estimate (3.1) holds. Moreover, if u satisfies
condition (3.2), then this solution is unique, belongs to W24(2) and satisfies estimate (3.3).

Proof. The proof follows exactly the same steps as in Theorem 3.2, using Theorem 2.2 instead
of using Theorem 2.1 in [1]. O

Theorem 3.4 Let v € LY(Q) with ¢ > n and let 7 = 71, . with f—_& <a<2and0<e<l.
Then problem (1.1) admits at least a weak solution yS € V,, and the following estimate holds

IDylly < € (Leda)™ 1), (3.7)

where C = 6’(n,o¢,q,ﬂ) independent of €. Moreover, if u satisfies condition (3.2), then this
solution is unique, belongs to W24(S2) and the following estimate holds

Iy 1,y < 7ol (3.8)

with & = K(n, q, Q) independent of .



Proof. The proof follows exactly the same steps as in Theorem 3.2, using Theorem 4.1 instead
of using Theorem 2.1 in [1]. O

Remark 3.5 i) Condition (3.2) is fulfilled if the term % is “small enough”, and can be inter-
preted either as a constraint on the size of ||ull, (small body force w) or as a restriction on the
viscosity parameter v (large viscosily parameter v).

i) Due to compactness results on Sobolev spaces, we deduce that a W24 solution belongs to
C*%(Q) for every § < 1 — 4+ Moreover, by taking into account (3.3) and (3.8), we have

H?JuHcl,é(ﬁ) < EJ”%,HQ, (3.9)
15l ooy < B2, (3.10)

where & = k(n, q, ) is a positive constant independent of .

4 Adjoint equation

We next investigate the following linear system

V- (7'1/2 (Dy.)" - DP) +(Vyu)Tp—yu - Vp+Vr=w inQ,
Vep=0 in Q, (4.1)
p=0 on T,

where u € LY(Q) with ¢ > n, y, € V, is a corresponding solution of (1.1) and w € L?(f).
Assuming that u satisfies condition (3.2), we deduce that y, € W249(Q) and we can consider the
weak formulation

{ Find p € V5 such that

(4.2)
(7k (Dyu) : Do, Dp) + b (0, Yus P) + b (Yu, ©,0) = (w, p) for all ¢ € V5.

Proposition 4.1 Assume that n3f2 <a <2 Letue LI(Q) (with ¢ > n) satisfying (3.2), y, be
the corresponding solution of (1.1) and w € L?(Q2). There exists a positive constant & depending

only on n, a, q and Q such that, if
laullg Y2~ ful]
7%(14— V") =t <1 (4.3)

then problem (4.1) admits a unique weak solution p.., in Va. Moreover, the following estimate
holds

1Dpunlly < £ (142 ) fuw,

with L(t) = % and C = é(n,a,q,Q).

Proof. Consider B : V5 x V5 — R the bilinear form defined by
B(p1,p2) = (T (Dyu) : Dpa, Dp1) + b (p1, Yu, p2) + b (Yu, p1,p2) -

Recalling that
b (Yu,p,p) =0



we get
B(p,p) = (7 (Dyu) : Dp,Dp) +b(p, yu,p) + b (Yu, 0, p)

= (7 (Dyu) : Dp, Dp) + b (p, yu, p)
for every p € V5. On the other hand, by using Lemma 2.1 and estimate (3.9) , we deduce that
(7h (D) Dp.Dp) = (e~ 1w | (1+[Dy )"~ Dl d
Q
(@ =1 (14 [ Dyull0)* 1 DplI3 (4.4)

a—2
(=1 (@ +#)"2 (1+ L) " Dp|3.

v

v

Moreover, Lemma 1.1, Chapter VIII in [7] together with the Korn inequality and estimate (3.9)
show that

1

n—1 1 2 23 (n-1 2
b (p, yu, p)] < QT ||V |, [ Vpl3 = 220070 || Dy, |, | Dpll3

n

< C1 | Dyullo I1Dpl3 < Crile | D3 (4.5)

3
with Cy = Wﬂﬂnﬁilﬁ'%. Therefore, (4.4) and (4.5) yield

oa—

B(p,p) > ((a D (147r)*? (1 + ”“7”) ‘o Cm'“y”"> | Dp||? (4.6)

which shows that B is coercive on Vs if u satisfies (4.3) with & = (u_l)clk Let us now

(a=1)(1+R)*=2"
prove that B is continuous. Similar arguments show that
a—2
sy [(7h (D) : Dy Dpo) < [ (1+1D3u])" ™2 [Dpal| Dl da
Q

< [ 1Dml1Dmldz < Dy, 1D,
and
b1 90.p2) + b (oprp2)| < 201 Dyl [Dpill [Dpally < 2017121 [ Dy 1| Dpo
< 2o~ 1w (L+ ) (14 192) 7 Dpy |, [ Dol
< 2v(a—1) | Dpal, | Dl

for every pi1,ps € Va. Therefore,

B (p1,p2) < 4v | Dp1lly [ Dpzll; -

The bilinear form B is then continuous and coercive on V5. Applying the Lax-Milgram theorem,
we deduce that problem (4.2) admits a unique solution py,, in V5. Taking into account (4.6), the
Holder, the Poincaré and the Korn inequalities, we obtain

a—2
((Oé — 1)1/ (1 + R)a—Z (1 + %) - ClH'i:“) ||Dpuw||§ <B (puunpuw) = (vauw)

_ 1
< Jlwlly puwlly < 2ZHQI [wlly IVPwwlly = C2 [lwll; [ Dpull,

2w 1
which gives the estimate with C' = % where Cy = 22 E;%_l) Q. O
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Remark 4.2 Let us notice that the regularity of the state is fundamental. As already referred
in the introduction, in the absence of additional regularity on the weak solution, problem (4.1) is
to be understood in the distribution sense

{ Find p € V,, such that
(Tk (Dyu) : Do, Dp) + b (0,50, p) + 0 (yu,0,p) = (w,0)  forallp €V
and there is no reason to assume uniqueness of solutions (see, e.g., [3]).

The following proposition deals with very similar results related with the regularized adjoint
equation.

Proposition 4.3 Assume that n‘s—fQ <a<2and0<e<l, letue LYN) (with ¢ > n)

satisfying (3.2), v be the corresponding solution of (1.1) and let w € L?(Q). If u satisfies (4.3),
then problem
-V (Ti,s (Dyi)T : DP) + (Vyi)Tp —y5-Vp+ Vet =w inQ,
V.p=0 in Q, (4.7)
p=0 on T,

admits a unique weak solution ps,, in Va. Moreover, the following estimate holds

1DpElly < £ (L) fuy
with L defined as in Proposition 4.1 .

Proof. The proof follows exactly the same steps as in Proposition 4.1, using (3.10) instead of
using (3.9). O

In order to simplify the statements of our main results and the corresponding proofs, we observe
that the restrictions (3.2) and (4.3) on the control variable are very similar and can be summarized
as

There exists a positive constant k* depending only on n, «, ¢ and §2 such that

CR) 2(5:;“)

by setting x* = max (k,%). Hence, due to Theorem 3.2, Theorem 3.4, Proposition 4.1 and
Proposition 4.3, we can see that imposing the restriction (CR) on the control guarantees existence,
uniqueness and regularity of the state, as well as existence and uniqueness of the adjoint state.

5 Necessary optimality conditions for (Pg)

Let us now formulate our first main result.

Theorem 5.1 Assume that n‘;—_& < «a < 2. Then problem (Pr) admits at least one solution

(@,y). Moreover, if 4 satisfies (CR) then there exists p € Va such that the following conditions
hold

-V .- (tr(Dy))+y-Vy+ VT =10 in Q,
V-g=0 n Q,
7=0 on T,
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=V - (rr(Dy)" - Dp) + (V9)"p— - Vp+ VT =§ — ya in Q,
V-p=0 in Q, (5.1)
p=0 onT,

(p+ Aa,v—1u) >0 for all v € Uyg. (5.2)

Proof. Taking into account Lemma 2.1, we can see that the assumptions of Theorem 4.1 in [3]
are fulfilled and existence of an optimal solution (@, y) for (Pg) is then guaranteed. Moreover, if
@ satisfies (CR), then it satisfies (3.4) and due to Theorem 5.1 in [3], there exists p € V, solution
of (5.1) in the distribution sense

(1R (DY) : Do, Dp) + (V)" P— 4 - VD, ¢) = (§ —ya,p)  forallpeV

and such that (5.2) holds. The conclusion follows by observing that due to Proposition 4.1, if @
satisfies (CR) then p is the unique weak solution of (5.1) in V5. O

6 Necessary optimality conditions for (Pp)

In order to obtain necessary optimality conditions for (Pr) stated in Theorem 6.1 below, we
introduce a family of problems (P, ). whose solutions converge towards a solution of (Pr). We
derive the corresponding optimality conditions in Section 6.1, and we pass to the limit in these
conditions in Section 6.2.

Theorem 6.1 Assume that n3—f2 < a < 2. Then problem (Py) admits at least one solution

(,y). Moreover, if 4 satisfies (CR) then there exists p € Va such that the following conditions
hold

—V - (r(Dy))+y-Vy+ V7 =a in Q,
V-g=0 in Q,
y=20 on T,

V- (r,.(DY)T :Dp) + (V) h—§-Vp+Vi=G—ya  in{xeQ||Dyx) >0}, (6.1)
(P + A, v —u) >0 for all v € Uyq.

6.1 Regularized control problem

Taking into account Lemma 2.1, we can see that the arguments in the proof of Theorem 4.1 in
[3] can be applied and existence of an optimal solution for (Pr) is then guaranteed. Let (@, ) be
such a solution and assume that @ satisfies (CR) and 0 < € < 1. Introduce the cost functional

I(u,y) = J(u,y) + %/ |u — a|* dx
Q
and the control problem
minimize I (u,y®)

subject to  (u,y®) € Uyq X V, satisfies

=V (10(Dy)) +y-Vy+Vm. =u in Q,

(PL,E) ] (6 3)
V-y=0 in Q,
y=0 on I,

for some . € L§ ().
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The main result of this section deals with the necessary optimality conditions for the regularized
problem (P, .).

Theorem 6.2 Assume that 3f2 < a<2. Foreach O <e <1, there exists at least one solution
(@, 9°) of (Pre). Moreover, if u® satisfies (CR) then there exists p° € Va such that

—V- (Ti,a (Dy)" - Dﬁs) + (V§E)TpF — §° - VP + V7EE = §° —ya in Q,
V-pE=0 in €, (6.4)
p=0 on T,

P+ A+Da —a,0—a)>0  for all v € Uy (6.5)

Proof. The proof follows exactly the same steps as in Theorem 5.1, using Proposition 4.3 instead
of using Proposition 4.1. O

6.2 Convergence results
We first establish a useful convergence result.

Proposition 6.3 Assume that 3f2 < a <2 and let (ve,y5 ) be an admissible pair for (PL.c).
There exists a subsequence (i) converging to zero and (u,y), an admissible pair for (Pr), such
that

ve, — u  weakly in L*(Q) and yﬁ’:k — 1y strongly in Wy *(Q).

k

Proof. The proof is split into three steps.

Step 1. To simplify the redaction, let us set y° = y;_. Since (vc)c is uniformly bounded in the
closed convex set Ugq, by taking into account estimate (3.7) we obtain

1Dyl < € ()" + 101 <€ (%) + 9 (6.6)

where C is independent of €, and the sequence (y°). is then bounded in V,. On the other hand,
it is easy to see that
72, (n)] < 2vjn[*!

implying
72, (DY)l < 2v [ DyFll5

which together with (6.6) show that sequence (77 .(Dy®)). is uniformly bounded in L% (€2).
There then exist a subsequence (), converging to zero, u € Uyq, y € V,, and T € La'(Q) such

that (ve, ), weakly converges to u in L?(£2), (y=*), weakly converges to y in V, and (71, (Dy*)),

2n
n+1’

Sobolev spaces, we deduce that (y°*); strongly converges to y in LQI(Q).

weakly converges to 7 in L (Q). Moreover, since a >

by using compactness results on

Step 2. Let us now prove that (u,y) is an admissible pair for (Pr). Taking into account the
convergence results obtained in Step 1, we deduce that for every ¢ € V, we have

by, v 0) = b(yy,0) < by — v,y 9)| + [0 (¥, ¥ — v, 9)|
= [b(y™ =y v, )| + b (y, 0,y — )|
< (IVyeelly el + 1Ylla Vel ly™ =yl o
—0 when k — +4o0.

(6.7)
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Moreover, by passing to the limit in the weak formulation corresponding to y°*, we obtain

(7, Do) +b(y,4,¢) = (u, ) forallpeV

and by using the fact that V is dense in V,, and that y € L%(Q) if a > n?’—fg,
(7, Dp) +b(y,y,0) = (u,p)  forall p € V,.

In particular, since b(y,y,y) = 0, we have

(7, Dy) = (7, Dy) + b (y,y,y) = (u,y).

On the other hand, the monotonicity property in Lemma 2.2 implies

(TLe, (DY*) — e, (D), Dy** — D) >0 for all p € V,.

Since (71¢, (Dy*), Dy®*) = (ve,, y°*), by substituing in (6.10), we obtain
(’UEkﬁyEk) - (TL,&C (DyEk)aD(P) - (TL,Ek (D¢)7Dy8k - DSD) >0
for all ¢ € V,,. Observing that
e (n) =l = (L4 7e ()7 = (L4 [0)* | In

2
< (re (Inl) = ) Inl = sy Il < €°

it follows that
Jim 72,2 (D) — T(Dp)|l,, =0

and by passing to the limit in (6.11), we get

(u,y) — (T, Dp) — (1. (Dp) , Dy — Dp) >0 for all p € V,.

This inequality together with (6.9) then yields
(T — 71 (Dp),Dy — Dp) >0 for all ¢ € V,
and by setting ¢ = y — ty with ¢t > 0, we obtain
(T — 71 (Dy — tDv) , D) > 0 for all ¢ € V.
Letting t tend to zero and using the continuity of 77, we deduce that
(T—71.(Dy),Dy) 20  forally € Vg

and thus
(7, DY) = (11, (Dy) , DY) for all ¥ € V.

Combining (6.8) and (6.12) gives
(7. (Dy), Dp) +b(y,y,0) = (u,0)  forallp €V,

showing that
Y —y weakly in Wol’o‘(Q)

it follows that

(6.8)

(6.12)
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and that (u,y) is admissible for (Pr).

Step 3. Let us now prove the strong convergence of (y°*), to y in Wy *(£2). Lemma 2.2 together
with Lemma 2.8 in [3] and estimate (6.6) yield

(rpey (DY) — poy (DY), D (3 —y)) > — e DIDWE v

- 2
(191+IDyek ||+ Dyl|&) =

V(afl)HD(yskfygﬂi '

(slel+26(2)™) =

\%

Therefore, by taking into account the previous convergence results, we deduce that

vl limsup | D(y" — y)
(si01+26(£)*") = k
< limsup (77, ¢, (Dy™) = 7r.e, (Dy), D (y™ — ) < limsup (72, (Dy™), D (™ —))

< timsup (v, 4™) = (72, (Dyey) . Dy)) < (w.9) = (7. Dy) = 0
and the claimed result is proven ([
Next, we prove that the solutions of problems (Pp, o) form an approximating family for (Pr).

Proposition 6.4 Assume that n?’—j:? < a < 2. Let (a°,5°) be a solution of (Pr.). There exists
a subsequence () converging to zero such that

lim ||@* —a, = lim |5 — g, . = lim (@, 5%) = J(q,q).
Jm @t —al, =0, lm g% gl , =0, lm I@*,5™*)=J(a7)

Proof. Setting v. = @ for all € > 0 and v. = %° and applying Proposition 6.3, we deduce that
there exists a subsequence (e5,) such that (y2*)s converges in Wy () to 7 (the unique solution
of (1.1) corresponding to @), (u°*), weakly converges in L?() to some u and (§°*);, converges
in W,*(Q) to y (a solution of (1.1) corresponding to u). Using the lower semicontinuity of I
and the admissibility of (u,yz*) for (Pr.,), we obtain

5 lly = valls + & llully + 3 llu — all; < liminf I(@™, 5°) < tim sup F(i°*, 5
. — : — 2 —112
< lim 7@, y3*) = 3 115 = ally + 3 17l

and consequently

T(u,y) + 3 llu— a3 < J (@, 9).
Since (u,y) is solution of (Pr), we have J(u,y) < J(u,y) and thus v = 4. Recalling that @
satisfies (CR), we deduce that y = ¢ and thus

lim I(a®*,y°%) = J(u, ).
Jm I(a,g™) = J(@,9)
Finally, observing that
Stimsup 2 — al} = imsup (22, 5°) = 7 — wall} = 3 1713)
< J(,5) ~ 35~ vall} — 3 timin a7+ 3

= 4 llall; — 5 liminf a5 < 0

we conclude that (u*)j converges to @ strongly in L2(£). O
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6.3 Proof of Theorem 6.1

Let (u®*,gy°*) be the solution of (Pr ., ) given in Proposition 6.4. Since @ satisfies (CR), we
deduce that there exists k1 € N such that @+ also satisfies (CR) for every k > ki. Due Theorem
6.2, there exists p** € V5 such that

-V (T’L,sk (Dg=*)" Dp) + (Vi) 'p = g - Vp + VT = 5 — ya,
V.p=0, (6.13)
pr =0,
(P + A+ 1D)us —a,v—u*) >0  for all v € Uyg. (6.14)
Moreover, due to (3.8) and Proposition 4.3 the following estimates hold

v =

—£k ~[|[a®k |4 U
[

105, < £ (U20a) 574 — yall, < £ (2) 177 = wal

where k = K(n, ¢, ) is a positive constant independent of k. Therefore, the sequences (§#); and
(p°*)x are uniformly bounded in W24(Q) and Vs, respectively. There then exist a subsequence,
still indexed by k, and p € V5 such that (p°*); weakly converges to p in V,. Moreover, since
g > n, by compactness results on Sobolev spaces, we deduce that (7°*); strongly converges to g
in C19(Q) with § <1 — 7 and (p°* )k strongly converges to p in L?(Q). It follows that

lim (Vi) p™* — g - VP, 0) = (V9) D -5 VD, p) (6.15)

k—+oo

for every ¢ € V and

i (77, (DY) : D, Dp™*) = (71,(Dy) : Do, Dp) (6.16)
—+o00

for every o € V() ={p € D(Q) | V- =0 in Qo} with Qo = {z € Q| |Dy(z)| > 0}. Taking
into account (6.15) and (6.16), and passing to the limit in (6.13) and (6.14), we obtain

(Ti(Dg> : DQD7 Dﬁ) + ((Vg)Tﬁ - g : vﬁa SD) = (g — Yd, 90) for all B V(QO)a

and
P+ Aa,v—1u) >0 for all v € Uyq

which gives (6.1) and (6.2) and the claimed result is proven. O
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