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Abstract In this paper we are interested in the asymptotic comparison of a set of
semi-parametric minimum variance reduced-bias (MVRB) tail index estimators, at
optimal levels and for a wide class of models. Again, as in the classical case, there
is not any estimator that can always dominate the alternatives, but interesting clear-
cut patterns are found. Consequently, and in practice, a suitable choice of a set of
tail index estimators, will jointly enable us to better estimate the tail index γ , the
primary parameter of extreme events.

1 The estimators under study and scope of the paper

Let us consider the common set-up of independent, identically distributed (i.i.d.)
random variables (r.v.’s) X1,X2, · · · ,Xn, with a common distribution function (d.f.)
F . Let us denote the associated ascending order statistics (o.s.) by X1:n ≤ X2:n ≤
·· · ≤ Xn:n and let us assume that there exist sequences of real constants {an > 0}
and {bn ∈ R} such that the maximum, linearly normalized, i.e., (Xn:n−bn)/an, con-
verges in distribution towards a non-degenerate r.v. Then F belongs to the max-
domain of attraction of an extreme value (EV) d.f.,

EVγ(x) = exp(−(1+ γx)−1/γ), 1+ γx > 0, γ ∈ R. (1)

and we write F ∈DM

(
EVγ

)
. The parameter γ is the extreme value index, the pri-

mary parameter of extreme events, with a low frequency, but a high impact. This
index measures the heaviness of the right tail function F := 1−F , and the heavier
the tail, the larger γ is. In this paper we shall work with heavy-tailed models, i.e.,
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Pareto-type underlying d.f.’s, with a strict positive extreme value index, often called
tail index.

The second order parameter, ρ (≤ 0), rules the rate of convergence in the first
order condition, and is the non-positive parameter appearing in the limiting relation

lim
t→∞

lnU(tx)− lnU(t)− γ lnx
A(t)

=
xρ −1

ρ
, (2)

which is assumed to hold for every x> 0, and where |A|must then be of regular vari-
ation with index ρ (Geluk and de Haan [6]). To obtain information on the order of
the asymptotic bias of second-order reduced-bias extreme value index estimators, it
is necessary to further assume a third order condition, ruling the rate of convergence
in (2), and which guarantees that, for all x > 0,

lim
t→∞

lnU(tx)−lnU(t)−γ lnx
A(t) − xρ−1

ρ

B(t)
=

xρ+ρ ′ −1
ρ +ρ ′

, (3)

where |B(t)| must then be of regular variation with index ρ ′ ≤ 0.
In this paper, similarly to what has been done in Gomes et al. [10], we consider

a Pareto-type class of models with a tail function

1−F(x) =Cx−1/γ
(
1+D1xρ/γ +D2x2ρ/γ +o

(
x2ρ/γ

))
, as x→ ∞, (4)

with C > 0, D1, D2 6= 0, ρ < 0. Note that to assume (4) is equivalent to say that (3)
holds with ρ = ρ ′ < 0 and that we may there choose

A(t) = α tρ =: γ β tρ , B(t) = β
′ tρ = β

′A(t)/(βγ), β , β
′ 6= 0, (5)

with β and β ′ “scale” second and third order parameters, respectively.
For heavy-tailed models, the classical tail index estimator is Hill’s estimator (Hill

[13]), the average of the scaled log-spacings Ui or of the log-excesses Vik:

Hn(k)≡ H(k) :=
1
k

k

∑
i=1

Ui =
1
k

k

∑
i=1

Vik, (6)

where

Ui := i
{

ln
Xn−i+1:n

Xn−i:n

}
, and Vik := ln

Xn−i+1:n

Xn−k:n
, 1≤ i≤ k < n. (7)

For intermediate k, i.e., a sequence of integers k = kn, 1≤ k < n, such that

k = kn→ ∞ and kn = o(n), as n→ ∞, (8)

the Hill estimator in (6) is consistent for γ > 0 whenever F ∈DM (EVγ)γ>0 holds.
The adequate accommodation of the bias of Hill’s estimator has been extensively

addressed in recent years in the literature. Recently, several authors [2, 11, 10, 9]
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consider, in different ways and under the second order framework in (2), minimum-
variance reduced-bias (MVRB) tail index estimators based on the joint external esti-
mation of both the “scale” and the “shape” parameters, β and ρ , respectively. These
estimators are called MVRB due to the fact that, under adequate restrictions, are
able to reduce the bias without increasing the asymptotic variance, which is shown
to be kept at the value γ2, the asymptotic variance of Hill’s estimator, at least for
values k such that

√
kA(n/k)→ λ , finite, as n→ ∞.

Gomes et al. [10] consider an extreme value index estimator based on a linear com-
bination of the log-excesses Vik in (7), and given by

WH
β̂ ,ρ̂(k) :=

1
k

k

∑
i=1

e−β̂ (n/k)ρ̂ ψik(ρ̂) Vik, ψik(ρ) = ψik =−
(i/k)−ρ −1

ρ ln(i/k)
, (9)

WH standing here for weighted Hill estimator. Caeiro et al. [2] consider two esti-
mators of this same type, here denoted,

CH
β̂ ,ρ̂(k) := H(k)

(
1− β̂

1− ρ̂

(n
k

)ρ̂ )
, (10)

CH
β̂ ,ρ̂(k) := H(k)exp

(
− β̂

1− ρ̂

(n
k

)ρ̂ )
, (11)

where the dominant component of the bias of Hill’s estimator in (6), given by
A(n/k) / (1− ρ) = γ β (n/k)ρ /(1− ρ), is thus essentially estimated through
H(k) β̂ (n/k)ρ̂ /(1− ρ̂), and directly removed from Hill’s classical extreme value
index estimator. The notation CH stands for corrected Hill. A third class has been
introduced in Gomes et al. [10], and it has the functional form

ML
β̂ ,ρ̂

(k) := H(k)− β̂

(n
k

)ρ̂ (1
k

k

∑
i=1

( i
k

)−ρ̂

Ui

)
, (12)

with Ui given in (7). These authors consider also the estimator

ML
β̂ ,ρ̂

(k) :=
1
k

k

∑
i=1

exp
(
− β̂ (n/i)ρ̂

)
Ui, (13)

the estimator directly derived from the likelihood equation for γ with β and ρ fixed
and based upon the exponential approximation Ui ≈ γ exp(β (n/i)ρ)Ei, 1 ≤ i ≤ k,
being claimed a better performance of the ML estimator, comparatively to the ML
estimator, for a large class of models. This is the reason why we shall also work
with the bias-corrected Hill estimator

WH
β̂ ,ρ̂(k) := H(k)− β̂

(n
k

)ρ̂(1
k

k

∑
i=1

ψik Vik

)
, (14)

with ψik given in (9).
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Remark 1. In all the above MVRB tail index estimators, β̂ and ρ̂ need to be adequate
consistent estimators of the second order parameters β and ρ , respectively. For more
details related with the estimation of these parameters see, for instance, [5, 8]

In this paper, we compare asymptotically, at optimal levels, the above mentioned
MVRB statistics, denoted generically UHβ ,ρ(k) (assuming thus that β and ρ are
known or adequately estimated). In Section 2, we shall state for the class of models
in (4), the asymptotic properties of UHβ ,ρ(k), and in Section 3, we provide a full
asymptotic comparison, at optimal levels, of UHβ ,ρ(k) for UH =CH, ML and WH.

2 The asymptotic behaviour of the MVRB tail index estimators

Let {Ei} denote a sequence of i.i.d. standard exponential r.v.’s, and define

Zk :=
1
k

k

∑
i=1

Ei and Zk :=
√

k
(
Zk−1

)
. (15)

Assuming the third order framework in (4), we state the following result, a particular
case, with a few additions related with the UH statistics, of Theorem 3.1 in [4].

Theorem 1. Under the third order framework in (4), with A(t) given in (5), Zk given
in (15), and for intermediate k, i.e., if (8) holds, we can write

UHβ ,ρ(k)
d
= γ +

γ Zk√
k
+
(

bUH A2(n/k)+Op

(A(n/k)√
k

))
(1+op(1)), (16)

where, with ξ = β ′/β ,

a2(ρ) :=− 1
ρ2 (ln(1−2ρ)−2ln(1−ρ)) ,

bCH =
1
γ

(
ξ

1−2ρ
− 1

(1−ρ)2

)
, b

CH
=

1
γ

(
ξ

1−2ρ
− 1

2(1−ρ)2

)
,

bML =
1

γ(1−2ρ)
(ξ −1), b

ML
=

1
2γ(1−2ρ)

(ξ −1),

bWH =
1
γ

(
ξ

1−2ρ
−a2(ρ)

)
, b

WH
=

1
γ

(
ξ

1−2ρ
− a2(ρ)

2

)
.

Consequently, even if
√

k A(n/k)→ ∞, with
√

k A2(n/k)→ λA , finite,

√
k
(
UHβ ,ρ(k)− γ

) d−→
n→∞

Normal
(
bUH ,σ

2
UH

= γ
2).

Remark 2. If
√

k A2(n/k)→ ∞,
(
UHβ ,ρ(k)− γ

)
is Op(A2(n/k)).
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Remark 3. Note that bML = b
ML

= 0 whenever ξ = β ′/β = 1. This happens for im-
portant models like the Burr and the GP, and it is a point in favour of the ML-
statistic.

Remark 4. We also add that the results for UH follow straightforwardly from the
results for UH. Indeed, as n→∞, WHβ ,ρ−WHβ ,ρ

p∼ a2(ρ)A2(n/k)/(2γ), CHβ ,ρ−
CHβ ,ρ

p∼ A2(n/k)/(2γ(1−ρ)2) and MLβ ,ρ −MLβ ,ρ
p∼ A2(n/k)/(2γ(1−2ρ)).

Remark 5. Note that, as already mentioned in Caeiro et al. [4], since λA ≥ 0 and
1/(2a2(ρ))> (1−ρ)2 > 1/a2(ρ)> 1−2ρ for any ρ < 0, b

WH
≥ bCH ≥ bWH ≥ bML .

All depends then on the sign of the bias.

3 Asymptotic comparison of the MVRB tail index estimators

We shall next proceed to the comparison of the MVRB estimators under study at
their optimal levels. This is again done in a way similar to the one used in de Haan
and Peng [12], Gomes and Martins [7], for the classical tail index estimators. Let
us assume that γ̂•n,k denotes any arbitrary reduced-bias semi-parametric estimator of
the extreme value index γ , for which we have, for any intermediate k = kn,

γ̂
•
n,k = γ +

σ•√
k

Z•n +b• A2(n/k)+op(A(n/k)), (17)

with Z•n an asymptotically standard normal r.v. Then,
√

k
[
γ̂•n,k−γ

]
−→d N(λb•,σ2

• )

provided that k is such that
√

k A2(n/k)→ λA , finite, as n → ∞. We then write
Bias∞

[
γ̂•n,k
]

:= b• A2(n/k) and Var∞

[
γ̂•n,k
]

:= σ2
• /k. The so-called Asymptotic Mean

Square Error (AMSE) is then given by

AMSE
[
γ̂
•
n,k
]

:=
σ2
•

k
+b2
• A4(n/k).

Regular variation theory (Bingham et al. [1]), enables us to show that, whenever
b• 6= 0, there exists a function ϕ(n) = ϕ(n,γ,ρ), such that

lim
n→∞

ϕ(n) AMSE [γ̂•n0] =
(
σ

2
•
)− 4ρ

1−4ρ
(
b2
•
) 1

1−4ρ =: LMSE [γ̂•n0] ,

where γ̂•n0 := γ̂•n,k•0(n)
and k•0(n) := arg inf

k
AMSE

[
γ̂•n,k

]
. It is then sensible to consider

the following:

Definition 1. Given two biased estimators γ̂
(1)
n,k and γ̂

(2)
n,k , for which a distributional

representation of the type of the one in (17) holds, with constants (σ1,b1) and
(σ2,b2), b1,b2 6= 0, respectively, both computed at their optimal levels, the Asymp-
totic Root Efficiency (AREFF) of γ̂

(1)
n0 relatively to γ̂

(2)
n0 is
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AREFF1|2 ≡ AREFF
γ̂
(1)
n0 |γ̂

(2)
n0

:=

√√√√LMSE
[
γ̂
(2)
n0

]
LMSE

[
γ̂
(1)
n0

] = ((σ2

σ1

)−4ρ
∣∣∣b2

b1

∣∣∣) 1
1−4ρ

. (18)

Remark 6. Note that this AREFF indicator has been conceived so that the highest
the AREFF indicator is, the better is the first estimator.

We first present in Figures 1, 2 and 3, the measure AREFF
UH|UH

for UH =

CH,ML,WH, respectively, in the (ξ ,ρ)-plane. Figure 4 show us the MVRB tail
index estimator with minimum LMSE in the (ξ ,ρ)-plane.

From these figures it is possible to see that there is practically no difference
between the relative behaviour between UH and UH for UH = CH,ML and CH.
Figure 4 also shows us that, at optimal levels, none of these estimators outperform
the others in the all the (ξ ,ρ)-plane, but their simultaneous use will for sure enable
us to better estimate γ , the primary parameter of extreme events.

Acknowledgements Research partially supported by FCT / OE, Financiamento Base 2009 ISFL-
1-297, POCI 2010 and PPCDT / FEDER.
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-1.8 0.98 0.97 0.97 0.97 0.97 0.96 0.96 0.95 0.94 0.93 0.92 0.89 0.84 0.63 0.93 1.11 1.47 1.17 1.11 1.08 1.07 1.06 1.05 1.04 1.04 1.03 1.03 1.03 1.03 1.02 1.02

-1.9 0.98 0.98 0.97 0.97 0.97 0.96 0.96 0.95 0.95 0.94 0.92 0.90 0.84 0.71 0.95 1.14 1.32 1.15 1.10 1.08 1.06 1.05 1.04 1.04 1.03 1.03 1.03 1.03 1.02 1.02 1.02
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, in the (ξ ,ρ)-plane.
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, in the (ξ ,ρ)-plane.
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Fig. 4 Minimum LMSE among the CH, ML and WH statistics.
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