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Abstract

We provide a relaxation result in BV x LY, 1 < g < 4o0 for integral decoupled energies arising
in image analysis, in the spirit of the total variation decomposition models.
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1 Introduction

Recently new concepts and new targets entered in image analysis for decomposition and restoration:
decompose in the RGB model a given image ¢ :  — R3 (@ C R?) into two components u and v, such
that ¢ = u + v where u is a 'cartoon’ representation of ¢ , a simplified approximation describing the
three colors decomposition, while v is the oscillatory component, consisting of 'texture’ or 'noise’. This
new image analysis task has been first formulated in theory by Meyer [19] and the approach, classically
adopted in literature (see [20], [22]) is a total variation minimization model first proposed in [21], coupled
with the presence of an oscillatory function.

To capture the characteristics of each part in which the given image ¢ is decomposed, the u component,
representing a ‘cartoon’ of the image ¢ is modeled by a function of bounded variation, while the v
component representing 'texture’ or ‘noise’ is modeled by an oscillatory function, bounded in some norm,
suitable for numerical purposes. Often v is assumed to be an L? function.

In particular, in [19] the following minimization problem has been formulated

inf {IDul(2) + |vllc} (1.1)
(u,v) € BV xGst. p=u+v

where G denotes some suitable Banach space, in fact many choices for the space G have been successfully
considered by Osher, Solé and Vese (see [20], [22], [23]). A different approach has been considered in [4],
[5], and [6] i.e.
1
inf {|Du|(Q)+2)\||¢—u—v||%2} (1.2)

uweBV,||v||la<p

where p represents a bound for the norm of v and \ a scaling factor for the L? norm of the fidelity term
¢ — (u+tv).

Our note is devoted to generalize the above mentioned decomposition models, by considering a for-
mulation more general than (1.1) and (1.2), replacing the total variation term |Du|(2) by the integral

W (Vu(x)) dz, with W not necessarily convex, and u € W(£2;R3). To this term we add the integral
)

¢(z,u(z),v(x)) dz which may recover the fidelity term ||¢ — u — v||3.. Considering also more general
Q
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dimensions and including some heterogeneous behaviour in the density W, i.e. dependence on x and wu,
let Q be a bounded open set of RY and let the functional I : BV (Q;R?) x L4(;R™) — RU {400} be
defined by

/W(:c,u(x),Vu(x)) dm—l—/ap(x,u(x),v(x))dm
Q Q

I(u,v) = (1.3)

if (u,v) € (WH(Q;RY) N LP(Q;RY)) x LI R™),
400 otherwise,

where W : Q x R% x RN — R is a continuous function with linear growth from above and below in the
gradient variable, ¢ : Q x R? x R™ — R is a Carathéodory function (that is ¢(-,u,v) is measurable for
all (u,v) € RY x R™ and ¢(z,-,) is continuous for a.e. x € ), with growth p and ¢ respectively in the
variables u and v.

In order to deal with such minimization problems, since there may be a lack of lower semicontinuity,
it is necessary to pass to the relaxed functional defined in BV (Q;R?) x L4(£;R™)

I(u,v) := inf {liminf](un,vn) : (tn,vy) € BV(RY) x LIY(Q;R™) : u,, — win LY, v, — v in Lq} )

n—-+oo
(1.4)
and prove a representation result for I.

It is worthwhile to remark that for ¢ = 1, the functional T may fail to be sequentially lower semicon-
tinuous. However, as we will observe below, this can be achieved provided that ¢ is uniform continuous,
of. (1.11).

We prove the following theorem.

Theorem 1.1. Let p > 1 and ¢ > 1 and let Q@ C RN be a bounded open set. Assume that W :
Q x R4 x RN 5 R is a continuous function, satisfying

(()3C>0: %|§|—C§ Wz, u,€) < CO+€)), ¥ (z,u,6) € Q x RY x RN,

(ii) for every compact subset K of Q x R there is a continuous function wg : [0,+00) — R with
wi (0) =0, and such that

W (@, u,&) = W(a' o', )] S wre(jz — 2| + Ju—u/|)(L+ E]), ¥ (2,u,6), (', /,€) € K x R,

(iii) for every xoy € Q and for every € > 0 there exists § > 0 such that

|z — x| <6 = W(z,u,&) = W(zo,u,€) > —e(L+[¢]), ¥ (u,€) € R x RPN,

(iv) there exist o € (0,1), and C,L > 0 such that

W uwt)] Ll
<C=g

el > L = (WG ug) - =

LV (x,u,8) € Q x REX RN ¢ e R,

Moreover let ¢ : Q x R* x R™ — R be a Carathéodory function, satisfying

1
(v) 3C>0: 5(|u|p +v|?) — C < p(z,u,v) < O+ |ulP + |v|9), V (z,u,v) € Q x RY x R™.

If I is defined by (1.3) and I is defined by (1.4) then, for every u € BV (Q;R%) N LP(Q;RY) and
v € L1(Q;R™), the following identity holds:

I(u,v) = /QQW(x,u(x),Vu(x))dx—i—/J Yz, ut u™,vy) dHYN

o dD%y, .
—|—/Q(QW) <x,u(x), d|DCu|> d|Du| + A Co(z,u(z),v(x)) d.




We also observe that the above result can be recasted also in the framework of relaxation results
dealing with integral functionals arising in Nonlinear Elasticity for materials whose behaviour depends
on the strain and on the chemical composition, cf. [14, 15].

In order to describe the right hand side of (1.5) we recall that for every z € Q, QW (x,u, ) stands
for the quasiconvexification of W, c¢f. (2.1), while (QW)* denotes the recession function of QW with
respect to the last variable as introduced in Definition 2.4, and  stands for the surface integral density,
defined in (2.8). Finally for every (z,u) € Q x R%, Cp stands for the convex envelope (or convexification)
of o(z,u,-), namely

Co(x,u,-) :=sup{g : R™ — R: g convex, g(v) < ¢(z,u,v) Yv}. (1.6)

Classical results in Calculus of Variations ensure that, if ¢ takes only finite values then C'y coincides
with the bidual of ¢, ¢**, whose characterization is given below

©"*(z,u,) :=sup{g : R™ — R : g convex and lower semicontinuous, g(v) < ¢(z,u,v) Vv}. (1.7)

Remark 1.2.

o We observe that in the Sobolev setting, Theorem 1.1 can be proven without coercivity assumptions
on @, indeed let f: Q x RY x RN x R™ — R be a Carathéodory function satisfying

0< f(z,u,&0) < C A+ Jul” + [ + |v]T)

for a.e. x € Q, for every (u,&,v) € R? x RN x R™ and for some C > 0. Consider for every
1 <p,q < oo the following relazed localized energy

F (u,v; A) ==

inf {liminf/ f(@,un (), Vg (), v, () do s up — win WP (A RY) | v, — 0 in LY (A;]Rm)} .
A

n—oo
(1.8)
Then, in [10, Theorem 1.1](cf. also [9]) it has been proven that, for every u € WP (Q;Rd),
v e LI(QR™) and A e A(Q),

]:(u,v;A):/AQC’f(x,u(x),Vu(x),v(m))dm,

where QC f stands for the quasiconvez-convexr envelope of f with respect to the last two variables,
namely

QOf(SC, u, &, U) =

inf{ ! /f(w7u,£+V90(y),v+n(y))dy: soEW&’OO(D;Rd),HGL“(D;Rm),/
D

] Dn(y)dyO},

(1.9)
D being any bounded open set. Clearly this equality recovers our setting, since it suffices to define
for every (x,u,&,v) € Q x RY x RN x R™ - f(z,u,&,v) = W(z,u, &) + @(x,u,v). In fact it is
easily seen that if f satisfies the above growth assumptions, then

QCf(.’l%u,f,’U) = QW(ZC,U,g) + Cgp(x,u, U)'

o We emphasize that the arguments adopted to prove the previous theorem strongly rely on the fact
that the energy densities are decoupled. In particular, in the case ¢ = 1, we will approximate the



functional I by adding an extra term with superlinear growth at oo in the v wvariable. This will
ensure the sequentially weak lower semicontinuity of the relaxed approximating functional

I.(u,v) :=inf {liminf/ W(x,un,Vun)der/(go(x,u,v) +e0(|v])) dex -
noJo Q
Up — u in LY v, =0 z'nLl},

allowing us to adopt arguments similar to those exploited in the proof for the case ¢ > 1. These
techniques are well suited for the convex setting but we are not aware if a similar procedure is
possible in the quasiconvex-convex framework.

Having in mind the continuous embedding of BV (Q; R?) in Lv (;R?) (assuming Q C RY), we can
obtain, in an easier way, the relaxation result as above. Indeed we can prove the following result.

Theorem 1.3. Let Q € RY be a bounded open set, and let 1 < p < % and ¢ > 1. Let W : Q x R% x

RN 5 R be a continuous function satisfying (i)+(iv) of Theorem 1.1. Moreover let o : QxRIxR™ — R
be a Carathéodory function satisfying (v) of Theorem 1.1 in the weaker form

1
3C>0: 6|v|q —C < p(z,u,v) < OO+ |ulf + |v|9), ¥ (z,u,v) € Q x RY x R™, (1.10)

Then, for every (u,v) € BV (;R?) x LI(Q;R™), (1.5) holds.

Remark 1.4. The continuous embedding of BV (Q;R?) into L%(Q;Rd) (with Q@ C RY ) allows us to
have the just established result, also replacing (1.10) by the following condition:

1
3C>0: 5|v|q—0§¢(x,u,v) <C 4+ Jul" 4 [v]?), V (z,u,v) € 2 x RT x R™

and for some r € [1, %] .

We observe that under assumptions (i) = (¢v) of Theorem 1.1, [17, Theorem 2.16] ensures that the
functional

DC
[ew@uvides [ st )i+ [ Qw (ud“) d|Deul
Q Ju Q d|Deul

is lower semicontinuous with respect to the strong-L! topology. Moreover [16, Theorem 7.5] guarantees
that

Co(z,u,v)dx
Q

is sequentially weakly lower semicontinuous with respect to L;tmng x Ll . -topology provided the function
Cp is convex in the last variable, satisfies suitable growth conditions, as those in (2.5) and (2.6), and
that the function C'p(z, -, -) is lower semicontinuous. We will observe in Remark 2.3 below that this latter
condition may not be verified just under the assumptions of Theorems 1.1 and 1.3. On the other hand an
argument entirely similar to [11, Theorem 9.5] guarantees that Cp(z,-,-) is lower semicontinuous (even

continuous) by assuming additionally that

oz, u,€) — p(a, v, §)| < w'(Ju—v)(IE] + 1) (1.11)

for a suitable modulus of continuity «’, i.e. w’: RTU{0} = RTU{0} continuous and such that w’(0) = 0.
Consequently the superadditivity of lim inf entails the sequentially strong-weak lower semicontinuity
of the right hand side of (1.5) even for ¢ = 1.



2 Notations and General Facts

2.1 Properties of the integral density functions

In this subsection we recall several notions applied to functions like quasiconvexity, envelopes and recession
function, etc. We also recall or prove properties of those functions that will be useful through the paper.
Such notions and related properties will apply to the density functions that will appear in the relaxed
functionals that we characterize. We start recalling the notion of quasiconvex function due to Morrey.

Definition 2.1. A Borel measurable function h : RN — R is said to be quasiconvex if there exists a
bounded open set D of RN such that

1
MO < 5 /D h(E + V() da,

for every € € RN and for every ¢ € Wol’oo(D;]Rd).

If b : RN 5 R is any given Borel measurable function bounded from below, it can be defined the
quasiconvex envelope of h, that is the largest quasiconvex function below h:

Qh(&) :==sup{g(&) : g < h, g quasiconvex}.

Moreover, as well known (see the monograph [11]),

Qh(§) := inf{w?'/[)h(f—kmp(x))dx: @ e W&’“(D;Rd)}, (2.1)

for any bounded open set D C RY.
Proposition 2.2. Let Q C RY be a bounded open set and
W QxR x RN [0, 400)
be a continuous function. Let QW be the quasiconvezification of W (see (2.1)). Then the validity of (i)
in Theorem 1.1 guarantees that there exists a constant C > 0 such that
%m —C < QW(z,u,8) < C(L+[E]), V (z,u,8) € 2 x R x RPN, (2.2)
The validity of (i) and (ii) of Theorem 1.1 ensures that for every compact set K C Q x R%, there
exists a continuous function wi : R — [0, +00) such that wi(0) =0 and
QW (2,u,8) — QW (2’ /', )| < wic(lz — |+ Ju—u/|)(L+[€]), ¥ (z,u), (') € K, ¥ € € RPN, (2.3)
Conditions (i) and (i) of Theorem 1.1 entail that, for every xg € Q and € > 0, there exists § > 0
such that
|z — 20| <6 = V (u,€) € R x RN QW (w,u, &) — QW (wo,u, &) > —e(1 + [¢]). (2.4)
Moreover, if W satisfies conditions (i) and (ii) of Theorem 1.1, QW is a continuous function.

Remark 2.3. Analogous arguments entail that, under hypothesis (v) of Theorems 1.1 and 1.8, respec-
tively,

1
3C>0: 5(|u|p + [v]?) = C < Cp(w,u,v) < O+ |ulP + [v]7), V(z,u,v) € xR xR™,  (2.5)

and
1
3C>0: 5|v\q —C < Co(z,u,v) < CA+ [ulf + |[v]?), Y (z,u,v) € QxRExR™, (2.6)

On the other hand we emphasize that being ¢ as in Theorems 1.1 and 1.3, namely a Carathéodory
function, this is not enough to guarantee that C is still a Carathéodory function, cf. Example 9.6 in [11]
and Example 7.14 in [16]. In particular Cp turns out to be measurable in x, upper semicontinuous in u,
convex and hence continuous in §. Furthermore if ¢ > 1, [12, Lemma 4.3] guarantees that Cp(z,-,-) is
lower semicontinuous.



Proof. By definition of the quasiconvex envelope of W, it is easily seen that (i) of Theorem 1.1 entails
(2.2) with the same constant appearing in (7).

Next we prove (2.3). Let K be a compact set in Q x R? and take (x,u), (z/,u') € K. Let € > 0, then
using condition (2.1), we find ¢, € Wol’OC(Q; R?), @ being the unitary cube, such that

Now, we observe that, by virtue of the coercivity condition expressed by (i) of Theorem 1.1 and by (2.2),
it follows that
1€+ Vepellr < e(1 +[E)).

By condition (i) of Theorem 1.1, for every (z,u), (z’,u’) € K and for every ¢ € RN it results
W (2,u, ) = W' o', §)] < wk(Jz — 2| +u—o/[)(1 +[€]).

Then we can write the following chain of inequalities:

QW(z,u.6) > e+ /Q W (z,u,€ + Vo () dy

v

o /Q M) dy + /Q W (&' € + Ve (y)) dy,

where A(y) = [W(z,u,& + Ve(y)) — W(z', v/, § + Voo (y))|. We therefore get, from the definition of
QW (2’ v/, €), that,
QW (', v/, §) — QW (z, u,§) etwi(lz —a'[+ |lu— (L +]I§+ V)

etwr(lz— | +u—u)(1+c(l+[¢]).

IA

IN

Since ¢ is arbitrarily chosen, and since we can obtain in a similar way the same inequality with = in the
place of 2/, and w in the place of v/, we get (2.3).

In order to prove condition (2.4), we fix zo € Q and € > 0. As before, for every x €  and for every
o > 0, by (2.1), the coercivity condition expressed by (i) of Theorem 1.1, and by (2.2), there exist a
constant ¢ > 0 and a function ¢, € Wol’oo(Q; R?) such that

QW (z,u,6) > —0 + /Q W, u,€ + Voo (y)) dy,

with [[€ + Vips |1 < c(1+[£]).
Thus arguing as above, and exploiting condition (ii:) of Theorem 1.1, we have the following chain of
inequalities, for | — xg| < ¢ with ¢ as in condition (i¢¢) of Theorem 1.1,

QW (o, u.6) < /Q W (20, 1,€ + Voo () dy

IN

/W(wvu’§+V%(y))dy+€/(1+|§+V%(y)|)dy
Q Q

< QW(z,u,8) +o+e(l+ (1 +[E])

Thus it suffices to let o go to 0 in order to achieve the statement.
Finally we prove the continuity of QW. We need to show that, for every ¢ > 0 and (zo,up, &) €
Q x R? x RN there is § = 6(e, xo, ug, &) > 0 such that

|z — 20| + [u —ug| + [ — &o| <0 = QW (x,u,&) — QW (20, u0,&0)| < €. (2.7)



Let € > 0 be fixed. Since QW is quasiconvex on &, QW (xq, ug, -) is continuous and thus we can find
01 = 51(6, Z'O,Uo,go) > 0 such that

€ —&| <01 = |QW (20, u0,&) — QW (20, u0,&0)| <

DO ™

Moreover, by virtue of (2.3), defining K := B, (g, ug) for some o > 0 such that K C 2 x R? one has
‘5 - £0| < = |QW(:E7U7§) - QW(I.O/U*O’&-)‘ < (JJ}((L’E - x0| + |U - ’LL0|)(]. + |£0| + 51)

Since w' is continuous and w (0) = 0, there is dy = da(e, K, &) > 0 such that

€
z—xo| + [u—ug| <d = Wiz — 0| + U —ugl) < =————.

Consequently, by choosing ¢ as min{d1, 2}, the above inequalities, and the triangular inequality give
indeed (2.7). O

We also recall the definition of the recession function.

Definition 2.4. Let h : RN — [0,400). The recession function of h is denoted by h™ : RN —
[0, +00), and defined as
h(tg)
P

h°°(€) := limsup
t—+oo
Remark 2.5. (i) Recall that the recession function is a positively one homogeneous function, that is
g(t€&) = tg(¢&) for every t > 0 and & € R¥*N,
(ii) Through this paper we will work with functions W : Q x R? x RN — [0, +00) and W™ is the
recession function with respect to the last variable:
w t
W (z,u,&) := limsup M
t—+o0 t
We trivially observe that, if W satisfies the growth condition () in Theorem 1.1, then W satisfies
GlEl < We(z,u,8) < Clef.
(iii) As showed in [17, Remark 2.2 (ii)], if a function h : R¥*Y — [0, +00) is quasiconvex and satisfies
the growth condition h(€) < ¢(1 + |€|), for some ¢ > 0, then, its recession function is also quasiconvex.

We now describe the surface energy density 7 appearing in the characterization of I. Let W :
0 x R x RN 5 R, By the notation above (QW)> is the recession function of the quasiconvex
envelope of W. Then v : Q x R” x R* x S¥~1 — R is defined by

¥(z,a,b,v) = inf {/ (QW)>®(z,9(y), Vo(y)) dy : ¢ € A(a,b, 1/)} , (2.8)
where @, is the unit cube centered at the origin with faces parallel to v, vq, ..., vN_1, for some orthonormal
basis of R, {vy,...,vy_1,v}, and where

1,1 d . 1 . 1
Ala,b,v) =3¢ e W (Q,,RY) : p(y) =a if <y,v>= 3 oY) =bif <y,v>= —3
¢ is 1 — periodic in the vy, ..., vy_1 directions }.

We observe that the function v is the same whether we consider in the set A(a,b,v), W11(Q,,R9)
functions (like in [18] and [17]) or W1°°(Q,,, R?) functions (like in [2, page 312]). Moreover, if W doesn’t
depend on u, W : Q x RN — R, then v(z,a,b,v) = (QW)>®(x, (a — b) @ v) (see [2, page 313]).

Properties of the function (QW)*° will be important to get the integral representation of the relaxed
functionals under consideration. In particular, a proof entirely similar to [7, Proposition 3.4] ensures that

for every (z,u,£) € Q x R x RN, QW) (x,u,€) = (QW)™ (x,u,£).



Proposition 2.6. Let W : Q x RY x RN — [0, 4+00) be a continuous function satisfying (i) and (iv)
of Theorem 1.1. Then

QW) (z,u,&) = (QW)*®(z,u,&)  for every (z,u,§) €  x R? x RN, (2.9)

Proof. The proof will be achieved by double inequality.

By definition of the quasiconvex envelope and the recession function, one gets (QW)> < W and
thus Q(QW)> < Q(W*=°). Since the recession function of a quasiconvex one is still quasiconvex, under
hypothesis (i) of Theorem 1.1 (cf. Remark 2.5 (iii)) it follows that (QW)>* < Q(W).

In order to prove the opposite inequality we start noticing that, since by (i), the function W is bounded
from below, we can assume without loss of generality that W > 0. Then fix (z,u,£) € Q x R? x RN
and, for every t > 1, take ¢, € Wol’oo(Q;Rd) such that

/ W(z,u,t€& + Vo (y)) dy < QW (x,u,tf) + 1. (2.10)
Q

By (i) and (2.2) we have that ||V(%cpt)||Ll(Q) < C for a constant independent of ¢ but just on &.
Defining ¢, = %cpt, one has i, € W(}’OO(Q; R?) and thus

QUV™)(x,u, ) < /Q W (2, u, € + Vio(y) dy.

Let L be the constant appearing in condition (iv) of Theorem 1.1, we split the cube @ in the set
{ye Q: t|&+ Vi (y)| < L} and its complement in Q. Then we apply condition (iv) and the growth of
W observed in Remark 2.5 (i) to get

QUV™)(x,u.6) < /Q ((1'5 PO Wi Vo) | cf) dy.

Applying Holder inequality and (2.10), we get

11—«
QW) (z,u,€) < g(/ §—|—V¢t|dy> +QW(Ivz’tf)“+g%
Q

and the desired inequality follows by definition of (QW)> and using the fact that V; has bounded L!
norm, letting ¢ go to +oc. O

The property of (QW)> stated next ensures that QW together with (QW ) satisfy the analogous
condition to (iv) of Theorem 1.1. To this end we first observe, as emphasized in [17], that (iv) in Theorem
1.1 is equivalent to say that there exist C' > 0 and « € (0, 1) such that

(W (@, u, &) = W(z,u,&)] < C(L+[€['™) (2.11)
for every (z,u,£) € Q x R? x RN, Precisely we have the following result.

Proposition 2.7. Let W : Q x R? x RN — [0, 4+00) be a continuous function satisfying (i) and (iv)
of Theorem 1.1. Then, there exist a € (0,1), and C' > 0 such that

QW) (z,u, &) — QW (z,u, &) < C(L+ [¢]'79), V (z,u,§) € @ x RY x RN,

Proof. The thesis will be achieved by double inequality. Let o € (0,1) be as in (iv) of Theorem 1.1, see
also (2.11). Let € € RN let @ be the unit cube in RY and let ¢ be a positive constant varying from
line to line. For every e > 0 by (2.1), find ¢ € W,">°(Q; R%) such that

QW (e, u,€) > /Q W, u, €+ Viply)) dy — e.



By (%) of Theorem 1.1 and by (2.2) there exists ¢ > 0 such that
1€+ Vel < e(1+[€]). (2.12)

Since by Proposition 2.6 it results
@)™ 6) < | W6+ o) iy

we have

QW)™ (2, u,€) — QW (x,u,€) < /Q (W™ (2,0, + Vp(y) — W(z,u, & + Vep(y))) dy + <.

Applying (2.11), we obtain

@)= 6) ~ QW) < [ o(141e+ Vel ") dyte
<ec (1 + /Q €+ Vsﬁ(y)ll_ady> +e

11—«
Sc+c</Q|€+V<p(y)|dy> +e

<cH+ A1+ [ETY) +e

<O+ € + e

where in the last lines we have applied Holder inequality, (2.12) and we have estimated the term (1+[¢[)1 =
by separating the cases |£| < 1 and |¢| > 1 and summing them up. To conclude this part it suffices to
send € to 0.

In order to prove the opposite inequality we can argue in the same way. Let & € RN, For every
e >0, by (2.1) and Proposition 2.6 there exists ¢ € Wol’OO(Q; R?) such that

QW)™ (2, u,€) > /Q W (a2, u, € + Vib(y)) dy — .

Clearly, by (2.2), (i) of Theorem 1.1 and (ii) of Remark 2.5 there exists C' > 0 such that
1€+ Vel < ClEl + & (2.13)
By (2.1) it results
QW ie.w &) < [ Wir w6+ 90 dy

hence

QW(z,u,§) — (QW)>(z,u,8) < /Q Wz, u,§ +Vi(y)) = W (z,u,§ + Vi (y))) dy + e

Now, (iv) of Theorem 1.1 in the form (2.11) provide
QW .08~ (@)™ 8) <C [ (146 ToE )yt <

<C'(1+[E]7Y) + e,

where in the last line it has been used Holder inequality, (2.13) and an argument entirely similar to the
first part of the proof. By sending ¢ to 0 we conclude the proof. O



2.2 Some Results on Measure Theory and BV Functions

Let Q be a generic open subset of R, we denote by M(2) the space of all signed Radon measures in
Q) with bounded total variation. By the Riesz Representation Theorem, M(£2) can be identified to the
dual of the separable space Co(2) of continuous functions on 2 vanishing on the boundary 9§2. The N-
dimensional Lebesgue measure in RY is designated as £V while V! denotes the (N — 1)-dimensional
Hausdorff measure. If p € M(Q2) and A € M(2) is a nonnegative Radon measure, we denote by Z—‘; the
Radon-Nikodym derivative of p with respect to A. By a generalization of the Besicovich Differentiation
Theorem (see [1, Proposition 2.2]), it can be proved that there exists a Borel set E C £ such that
A(E) =0 and

Dy~ gy M2 220
dA p—0t+ Az + pC)
and any open convex set C' containing the origin. (Recall that the set E is independent of C'.)

We say that u € L'(€;R?) is a function of bounded variation, and we write u € BV (Q; R?), if all its
first distributional derivatives D;u; belong to M(Q) for 1 <i<dand1<j<N. We refer to [2] for a
detailed analysis of BV functions. The matrix-valued measure whose entries are D;u; is denoted by Du
and |Du| stands for its total variation. By the Lebesgue Decomposition Theorem we can split Du into
the sum of two mutually singular measures D*u and D®u where D%u is the absolutely continuous part
of Du with respect to the Lebesgue measure £V, while D*u is the singular part of Du with respect to
LN. By Vu we denote the Radon-Nikodym derivative of D®u with respect to the Lebesgue measure so
that we can write

for all z € Supp p\ E (2.14)

Du = Vul? + D*u.

The set S, of points where u does not have an approximate limit is called the approximated disconti-
nuity set, while J,, C .S, is the so called jump set of u defined as the set of points z € 2 such that there
exist ut(z) € R? (with ut(z) # u™(z)) and v, (z) € S¥~! satisfying

lu(y) —ut(z)|dy = 0,
e=0¢€ /{yEBE(m):(y—m)'vu(m)>0}

and

lu(y) —u (z)|dy = 0.
e—0 el /{yEBE (2):(y—x)-vu (x)<0}

It is known that J, is a countably H™~!-rectifiable Borel set. By Federer-Vol’pert Theorem (see
Theorem 3.78 in [2]), HVN=1(S, \ Ju) = 0 for any u € BV (;R%). The measure D%u can in turn be
decomposed into the sum of a jump part and a Cantor part defined by Du := D*ul_ J, and D°u :=
D3ul_(Q\ S,). We now recall the decomposition of Du:

Du=Vul® + (um —u") @ v, HY 'L J, + Du.

The three measures above are mutually singular. If HV~1(B) < +oo, then |D¢u|(B) = 0 and there exists
a Borel set E such that
£Y(E) =0, |D°ul(X) = |D°ul(X N E)

for all Borel sets X C Q.

3 Relaxation

This section is devoted to the proof of the integral representation results dealing with the decoupled
models described in the introduction.

To prove Theorems 1.1 and 1.3 we will use the characterization for the relaxed functional of Iy :
LY (3 RY) — RU {400} defined by

z,u(z), Vu(z))dr ifu L1(Q: R
roy o | W e it w@m, o)
400

otherwise.
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The relaxed functional of Iy is defined by
Ty (u) := inf {liminf Iy (up) : u, € BV(Q;Rd), Uy — U In Ll}
n

and it was characterized by Fonseca-Miiller in [17], provided (among other hypotheses) that W is qua-
siconvex. In the next lemma we establish conditions to obtain the representation of Iy in the general
case, that is, with W not necessarily quasiconvex.

We will also use the following notation. The functional Ioy : L'(€;R?) — R U {+o00} is defined by

T, u(x u(z))dxr ifu L1(Q: R4
o) /QQW<, (2), Va(a)) de  if w e WHH(@;RY), s

400 otherwise,

and its relaxed functional is
Iow (u) := inf {lim inf Igw (un) : w, € BV(RY), u, — u in Ll}.

We are now in position to establish the mentioned lemma and we notice that we make no assumptions
on the quasiconvexified function QW.

Lemma 3.1. Let W : Q x R4 x RN — [0, +00) be a continuous function and consider the functionals
Iw and Igw and their corresponding relaxed functionals defined as above. Then, if W satisfies conditions
(i) + (iv) of Theorem 1.1, the two relazed functionals coincide in BV (2, R?) and moreover

IW(u)zm(u):/QQW(x,u(x),Vu(x))da:—&—/J vz, ut,u”, ) dHN T

dD%u
e Dful.
—I—/Q(QW) (m,u(z),d|Dcu|)d ul
Proof. First we observe that Iy (u) = Igw(u), for every u € BV (Q;R?). Indeed, since QW < W, it

results Igw < Ty. Next we prove the opposite inequality in the nontrivial case that Igw (u) < +oo. For
fixed 6 > 0, we can consider u,, € W11 (€;RY) with u,, — u strongly in L'(£; R?) and such that

Iow (u) > lirrln/Q QW (x, upn(z), Vup(z)) de — 4.

Applying [11, Theorem 9.8], for each n there exists a sequence {u, i} converging to u, weakly in
WH(Q;R?) such that

/QQW(x,un(x),Vun(x))dx = lilgn/gW(x,un’k(x),Vun,k(x)) dx.

Consequently
Iow (u) > lim 1i]£n W(x, tn, i (x), V() dz — 9, (3.3)
n Q
and
limlilgn |ton.e — ullpr = 0.

Via a diagonal argument, there exists a sequence {u,, x, } satisfying u, x, — u in L'(;R?) and realizing
the double limit in the right hand side of (3.3). Thus, it results

Tow(u) > lim W (x, Uk, (€), Vg, () dz — & > Ty (u) — 6.
Q

Letting § go to 0 the conclusion follows.

Finally we prove the integral representation for Iy and consequently for Iy. To this end we invoke
[17, Theorem 2.16] (see also [2, Theorem 5.54]).

By the hypotheses, and by Proposition 2.2 above, QW satisfies conditions (H1), (H2), (H3) and (H4)
in [17], and condition (H5) follows from Proposition 2.7. Applying [17, Theorem 2.16] we conclude the
proof. O
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Let Iow+y, : BV(Q;RY) x LI(Q;R™) — RU {+oc} be the functional defined by

/QW(x,u(x),Vu(x))dx—i—/@(x,u(x),v(x))dx
Q o

Tqw (. v) = if (u,0) € (WEL(QRY) N LP(Q:RY) x LI R™), (34
+o00  otherwise,
and its relaxed functional as
Tonoa(u,v) =
(3.5)

inf{lim inf Igw 4o (tn, V) : (tn, vn) € BV (4 RY) x LY(Q;R™), u,, — win LY, v, — v in L7},

We can obtain, as in the first part of the proof of Lemma 3.1, the following result.

Corollary 3.2. Letp > 1, ¢ > 1 and let Q@ C RY. Assume W : Q x R x RN — [0, +00) and
0 : QO x RIx R™ — [0,+00) satisfying (i) = (iv) of Theorem 1.1 and (v) of Theorem 1.1 respectively.
Let I and I be defined by (1.3) and (1.4) respectively. Let Iqw+, and Iguw+, be as in (3.4) and (3.5)
respectively, then

I(u,v) = Iqw+p(u,v)

).

for every (u,v) € BV (Q;R%) x LI(;R™

Remark 3.3. We observe that, in the case 1 < p < +00, 1 < ¢ < oo, given W : Q@ x R4 x RN 5 R
and ¢ :  x RY x R™ — R, Carathéodory functions satisfying (i) and (v) of Theorem 1.1 respectively,
then, if one can provide that Cy is still Carathéodory, an argument entirely similar to the first part of
Lemma 3.1, entails that

I(u,v) = inf {liminf/ (QW (z, un, Vuy) + Co(x, un, vy)) dz
Q

n—-+oo
(un,vn) € BV(Q;RY) x LY R™),up, — u in L', v, — v in L}

where I is the functional defined by (1.4), QW and Cy are defined in (2.1) and (1.6). But we emphasize
that since, assuming only (v) of Theorem 1.1 there may be a lack of continuity of Cp(x,-,-) as observed
in Remark 2.3, we focus just on the relaxation of the term fQ W(z,u,Vu)dx and we prove Lemma 3.1
(see also Corollary 3.2) in order to be allowed to assume W quasiconvex without loosing generality.

We are now in position to prove Theorem 1.1.

Proof of Theorem 1.1. The proof is divided in two parts. First we consider the case ¢ > 1 and then we
consider ¢ = 1. In both cases we first prove a lower bound for the relaxed energy I and then we prove
that the lower bound obtained is also an upper bound for I.

Preliminarly we observe that by virtue of Corollary 3.2, Propositions 2.2, 2.6, 2.7 we can assume
without loss of generality, that W is quasiconvex in the last variable.

Part 1: ¢ > 1.
Lower bound. Let u € BV(Q;R?) N LP(Q;R?) and let v € LI(;R™). We will prove that, for any
sequences u,, € BV (;R?) and v,, € L9(£2;R™) such that u,, — u in L* and v,, — v in L9,

lim inf I (uy,, vy,) Z/W(m,u,Vu) daz—l—/

n——+oo J
u

vz, ut um, vy dHN T 4 /

DC
wee (m dD"u (x)) d|Dul|+
Q

" D]

Q
+ / Co(x,u,v)dr.
Q
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Let u,, and v, be two sequences in the conditions described above. Then, by [17, Theorem 2.16]

/ W (z,u, Vu) dz +/ wee (Cﬂ dD"u ) d|Du| <
Q J

+ - N-1
u’y(a:,u Ju” V) dH +/ ,u,m

Q
(3.6)

<liminf | W(x,un, Vuy,) dz.

n—-4o0o Q

Moreover, since we can assume liminf, [, ¢(x, un,vy,) dz < +00, the bound on [Juy||z» provided by (v),
the fact that u, — u in L*(Q2) and consequently pointwise, guarantee that u, — wu strongly in LP.
Furthermore v,, — v weakly in L? and because of the lower semi-continuity of Cp(z, -, -) (cf. [12, Lemma
4.3]), it results (cf. [16, Theorem 7.5] or [13])

/C(p(x,u,v) dxgliminf/ C’cp(a:,un,vn)dxgliminf/ o(x, U, vy,) da. (3.7)
Q Q Q

n—-+o0o n—-+o0o

Consequently, the superadditivity of the liminf, gives the desired lower bound.

Upper bound. Let u € BV (;R%) N LP(Q;R?) and v € LI(;R™). We will prove that

I(u,v) S/W(z,u,Vu)d:c—!—/ y(,ut u”, v,) dHN T
N o (3.8)

oo dDu .
+/QW (x’u’d|Dcu|) d|D u|+/ﬂC’<p(x,u,v)dm

constructing convenient sequences u,, € BV (Q;R?) such that u, — w in L' and v, € LI(,R™) such
that v, — v in L9.
We can assume, without loss of generality, that

+ — N-—1 oS} dDu c
W(z,u, Vu)de + | ~(z,u",u",v,)dH + [ Wz, u, ——— | d|Du|+
Q Q d‘D u|

u

(3.9)
+/ Co(z,u,v)dr < +oo.
Q

In particular, from (v) it follows that u € LP(Q; R?).
Moreover we suppose, without loss of generality, that W > 0 and ¢ > 0. We will consider two cases.
Case 1: u € L*°(Q;RY).
Fix M € N. We will prove that, for some constant ¢ (independent of M),
T + — N-1 o) dDu c
I(u,v) < [ W(z,u,Vu)de+ [ ~(z,u",u",v,)dH + [ W z,u, ——— | d|Dl|+
Q Q d|Dul

u

c
d —.
Jr/QCgo(:c,u,v) :17+M

Then we get the desired inequality by letting M go to +oc.
We proceed in three steps.

Case 1, step 1: construction of a convenient sequence converging to u in L'(Q; Rd).
Let {u,} be a sequence in W11 (€;R%) such that u, — u in L' and

lim/ W (x, un, Vuy,) dr =
Q

:/W(ac,u,Vu)dx—i—/ 7(m,u+,u_,yu)dHN_1+/
Q J

DC
e (x dD"u > d|D°u|.
Q

" 4| Del

u
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This exists by [17, Theorem 2.16]. Next we will truncate the sequence u,,.

Fix k such that e¥ — 1 > 2||u||p~. Then, hypothesis (3.9) together with the coercivity condition of W
on &, cf. (i), and the fact that ¢ > 0, imply that sup ||Vu,||r: is bounded by a constant independent of
the sequence u,,. Thus

M—-1

(14 |Vuyl)dx (14 |Vuy|) dx

=0 /{:vEQ: k+i<In(14|uy, |)<k+i+1} ~/{:EEQ: kE<In(14|un|)<k+M}

< Q| + sup ||[Vun|| 1

and so, for each n € N, we can find i =i(n) € {0, ..., M — 1} such that

|Q| + sup,, ||Vun ||
17 .

(1+ |Vup(2)|) de < (3.10)

Aweﬂ: k+i<In(14|un|)<k+i+1}

For each n, and accordingly to the previous choice of i(n), consider 7, : R — [0,1] such that 7, €
C'(RY), ] <1,

() =1, if0<t<k+i(n) and T(t) =0, ift > k+i(n) + 1.

We can now define the truncated sequence. Let g, (2) := 7,(In(1 + |2])) 2, and %y, (z) = gn(uy). Since in
a neighborhood of 0 the function 7,,(In(1 + | - |)) is identically 1, g, is a Lipschitz, C! function with

To(In(1+ |2])) T+ 7/ (In(1 + |2])) 1—&-1\z| zlgz7 if 240
Vgn(z) =

I if 2 =0

and |Vg,(2)| < c. So, by Theorem 3.96 in [2], w,, € W1(4R?), Vau,, = Vg, (u,)Vu, LY and |Vu,| <
¢|Vu,| which is bounded in L' as observed above. Moreover |[a,, ||z~ < eFTH{mM+1 — 1 < F+M _ 1 and
U, — u in L. Indeed, if u = 0 then ||@,||z1 < ||un||zr — 0. If not

|twn () — u(z)| de+

ftn—ulley = [
{zeQ: 0<In(1+4|un|)<k+i(n)}

+f [Gn(2) — u(x) | da+
{zeQ: k+i(n)<In(1+|up|)<k+i(n)+1}

+f )] dz
(2€9: (1t un|)>k+i(n)+1}
< o~ ulloie + [ (&) — () dat
{zeQ: k+i(n)<In(1+|un|)<k+i(n)+1}
Hltn = ull g0y + [l @y 1o € @5 (1 + ) > i) + 1}
< Ml — ullir +/ ()] d

{zx€Q: k+i(n)<In(1+|un|)<k+i(n)+1}
Hul[ L) Hz € Q@ In(1 4+ |uy|) > k +i(n) + 1}

these last terms converging to zero because u,, — u in L' and because of the following estimates:

/ lup(z)|dz < / M _1dg
{ze: k+i(n)<In(1+|un|)<k+i(n)+1} {z€: k+i(n)<In(l+|un|)<k+i(n)+1}
< (MM 1) {z € Dt fuy| = eF ) — 1}
< (@M -z eQr fun —ul > fullp=(0)}|
< (FM ||“n_“||L1(Q)7

||UHL°°(Q)
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reQ:In(1+|u,|) >k+iln)+1 = x €0 |uy,| > FimE _q
I{

IN

{2 € Q: |up — ul > [|ullp@)}]
I — ullzye)

Hu||L°°(Q)
So, we have, in particular, that 7, converges to u in L' and %, clearly belongs to LP(Q;R?).

Case 1, step 2: construction of a convenient sequence {v,,} weakly converging to v in L1.
We have, by (v), [16, Theorem 6.68 and Remark 6.69 (i)], for any w € L'(€; R%)

/ Co(z,w,v)dx = inf {lim inf/ o, w,vy)dx : {v,} C LY R™), v, = v in Lq}
Q Q

n—-+4oo

whenever the second term is finite.

Since ¢ > 1 and thus Lq/(Q;Rm) is separable, we can consider a sequence {i;} of functions, dense in
LY (Q;R™).

Then, for each n € N let v? € LI(Q; R™) be such that

/C’go(x,ﬂn,v) dx = lim (@, U, v]) dv
Q J=too Jo

and

lim (v —v)dz =0, VIeN.
j—=+oo Jo

We then extract a diagonalizing sequence v, in the following way: for each n € N consider j(n) increasing
and verifying

1
, Uy, n —C 77n; ) d < =
/Q<<p(x Un, Vj(n)) = Cp(2,Tn, v) | da) < —
n 1
Q(Uj(n) —v)thdr| < o l=1,..,n.

Define then v,, = U;L(n). We have v,, bounded in the L? norm:

/|vn|qda§§0/ (2, Up, vy) d < Q—I—C’/C@(m,ﬂn,v)dath—i—C/@(x,ﬂn,v)dx
Q Q L Q Q

this last term being bounded because u,, is a bounded sequence in L>° and because of the growth condition
(v) on .

Moreover the density of ¢ in LY ensures that v, — v in L?. Indeed, let ¢ € L1(Q;R™) and let § > 0.
Consider ! € N such that ||¢p; — || < 6. Then, for sufficiently large n,

/Q(vn —v)Ydr

Case 1, step 3: upper bound for 1.
Start remarking that

< o = vllLalltn = Pllpe +6 < cd + 6.

< ‘/an—v)(w—wl)dw

+ ‘/Q(vn — )Y de

limsup/ap(w,ﬂn,vn)dmg/C(p(x,u,v)dﬂc.
Q Q

n—-+o0o

Indeed,

limsup/ (X, Up, vy) de = limsup/ (o(2, T, vn) — Co(x, U, v) + Co(x,Up,v)) dx
Q Q

n—+o00 n—+00

1
lim sup < +/ Co(x, Uy, v) d:r) .
n—+oo \ 1 Q

15
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As observed in Remark 2.3, C'o(x,-,v) is upper semi-continuous. By the pointwise convergence of @,
towards u (up to a subsequence), we have

limsup Cop(z, Ty, v) < Co(z, u,v).

n—-+00

Moreover the fact that @, is bounded in L> and the hypothesis (v) allows to apply the “inverted” Fatou’s
lemma and get the desired inequality.
Now we have

W (x, un, Vuy,) de+

/ W (x, Uy, Vi) dz /
Q {zeQ: 0<In(1+4|u,|)<k+i(n)}

—|—/ W (z,dy, Vi) de+
{zeQ: k+i(n)<In(1+|u,|)<k+i(n)+1}

+/ W(z,0,0) dzx
{zeQ: In(1+|un|)>k+i(n)+1}

/wmm%v%ym+/ CO1 + |Viiy|) dot
Q {ze: k+i(n)<In(1+|un|)<k+i(n)+1}

+CHz € Q: In(1+ |uy|) > k +i(n) + 1}

IN

(where it has been used the growth condition (i). Using the expression of %, by [2, Theorem 3.96], we
have |V, | < ¢|Vu,| and so, using (3.10), we get

|Q] + sup ||V ||z _c
M M

lim sup C(1+|Va,|)de <c

n—r+00 /{xeﬂz k+i(n)<In(l+|up|)<k+i(n)+1}

(note that ¢ is independent of n and of the sequence u,, and it doesn’t represent always the same
constant).

Moreover, since [{z € Q: In(1+ |u,|) > k+i(n)+ 1} — 0 as n — +oo (as already seen in the case
where ||u||p~ # 0) we get,

c
lim su Wiz, ty, Vi,)dr < lim Wiz, tn, Vuy,) dr + —.
imsup [ W o< tim [ W )b+ -

Note that if u = 0 we can still get [{z € Q: In(1+ |u,|) > k+i(n)+ 1} — 0:

[l |21

erQ:1M1+mﬂ)2k+ﬂm+dﬂg‘@e§t\mﬁzeHl—H}ggﬁTji

since u,, — 0 in L'.
Finally, we get, as desired,

I(u,v) < liminf/W(x,ﬂn,VHn)dx—l—/<p(a:,ﬂn,vn)dx
Q Q

n—-+oo

IN

limsup/ W(m,ﬂn,VHn)daﬁ—Himsup/ o(x, Up, vy ) dx
n—4+oo JQO n—+oco JO

+ — N-—1 [e%s) dDu c
W(z,u,Vu)de + | ~(z,u",u",v,)dH + [ W z,u,——— | d|D|+
Q Q d|Deul

u

IN

—l—% —|—/QC<,0(x,u, v) dx.
Case 2: arbitrary u € BV (;RY) N LP(Q; RY).
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To achieve the upper bound on this case, we will reduce ourselves to Case 1 by means of a truncature
argument developed in [17, Theorem 2.16, Step 4], in turn inspired by [3, Theorem 4.9]. We reproduce
the same argument as in [17] for the reader’s convenience.

Let ¢, € C3(R%;R?) be such that

n(y) =y if y € Bu(0), [Vonllz= <1,

and fix u € BV (;RY) N LP(Q; RY).
As proven in [3, Theorem 4.9], directly from the definitions and properties for the approximate dis-
continuity set and the triplets (u*,u™, 1) (see Subection 2.2), it results that

Jon(u) C Ju,

(¢n(u)+a¢n( ) y Vo U)) (¢n( )7¢n(u_>7yu) in Jcbn(u)'

Moreover one has
| D¢y, (u)|(B) < |D(u)|(B), for every Borel set B C . (3.11)

Consequently
bn(u) € BV(Q;RY) N L= (Q; RY).

Since ¢,,(u) — u in L', by the lower semicontinuity of I (since ¢ > 1) and by Case 1 we get

I(u,v) < liminf [/Q W(z, dn(u), Vo (u)) dz +/ 'y(gc,qﬁn(u)"‘,(ﬁn(u)ﬂu%(u)) dHN 1+

n—+4o0o J¢n(u)
| x U M Con(u x u),v) dx
+ [ (wgul) oo ) A, ol + [ Coteo,(,0)a

By the upper semicontinuity of « in all of its arguments as stated in [17, (¢) of Lemma 2.15] and by the
fact that v(z,a,b,v) < Cla — b| for every (z,a,b,v) € Q x R x R? x SN¥=1 (see [17, (d) Lemma 2.15])
and the properties of ¢,, we have

(2, o (™), pn(u),v) < Clut —u™|,

and so, by Fatou’s Lemma we obtain

n—4oo

u

limsup/ (@, du(u)™, dn(w) ™, ) dHV S/ y(a,utumvy) dHY L
J¢n(“) J

Moreover we have

limsup/ Co(x, pn(u),v) dx:/Ccp(:c,u,v) dz (3.12)
n—+o0o JQ Q
Indeed, as already observed in step 2, Cp(z,-,v) is upper semicontinuous and ¢, (u) is pointwise con-

verging to u and thus we can apply the inverted Fatou’s lemma.
For what concerns the other terms, setting §2,, := {z € Q\ J, : |u(z)] < n}, we have

fimsup [ W (2,6, ) Vo () do =

n—-+oo
= lim sup [/ W(%%(U),V%(U))dﬂH/ W(z, fn(u), Von(u)) dx
n—+oo |JQ, (\Qn)\Ju

| W (V) do -+ limsup € 9 Q] + Do ()] (2\ 20) \ ).

n—-+4oo
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On the other hand by (3.11) we deduce that
lim sup | D¢y, (u)[((2\ Q) \ Ju) < limsup |[Du|(Q\ (2, U J,)) =0
n—-+oo n—-+o0o

and so
limsup/W(Jc,an(u),VqZ)n(u))da:S/W(m,u,Vu) dx.
Q Q

n—-+o0o

. 0o dD ¢n(u) c _
imup [ 1 (a16m(0. e () D01 =

s o ADGn(u) '\ e

Similarly

. o dD°¢,, (u) > c
1 w s On(u), ———= | d|D ¢, <
+g%4mw @¢@wwmn'¢ww

oo dDu . B
< /QW (:r,u, d|D°U|) d|Du| + C’hmsup[|Dan( QN Q) \ Ju)] =

n—-4o0o
dD° :
:/W‘X’ x7u,7u d|D¢ul.

This finishes the proof.

Part 2: q = 1.

Lower bound. Let u € BV (Q;R?) N LP(Q;RY), v € LY(Q;R™), u, € BV(Q;R?) and v, € L' (;R™)
such u,, — u strongly in L' and v, — v in L'. Then by Lemma 3.1 exactly as in the case ¢ > 1, (3.6)
continues to hold. Moreover [8, Theorem 1.1], ensures that

n—-+oo

/ Co(x,u,v)dx < hmlnf/ o(T, Up, Uy) dx.
Q

Again the lower bound follows from the superadditivity of the liminf.

Upper bound. Let u € BV (;RY)NLP(Q;R?) and v € L1 (Q2;R™). We aim to prove (3.8), constructing
convenient sequences u,, € BV (Q;R?) and v,, € L*(Q;R™) with u,, — u in L* and v, — v in L.
Case 1. As in the case ¢ > 1 we first assume that u € L>(£; R?) and develop our proof in three steps.
Case 1, step 1. The step 1 is identical to Case 1, step 1 proven for ¢ > 1.
Case 1, step 2. For what concerns this step, we preliminarly consider a continuous increasing function
0 :[0,400) — [0, +00) such that

lim o) = 4o0. (3.13)

t—+oo t

Then consider a decreasing sequence ¢ — 0 and take the functional I, : BV(Q;R%) x L}(Q;R™) —
R U {+0o0}, defined as

I (u,v) :== I(u,v) +6/99(\v|)dx. (3.14)

Let C(e(x,u,-) +€0(] - |)) be the convexification of ¢(z,u,-) + (| -|) as in (1.6).
By [16, Theorem 6.68 and Remark 6.69], we have that for every w € L!(£;R™)

/ C(o(z,w,v) + eb(|v])) dz = inf {lim inf [ (o(z,w,v,) +eb(Jvp])) dx : v, = v in Ll}
Q

n—-+oo Q

whenever the second term is finite. Moreover the left hand side coincides with the sequentially weakly-L!
lower semicontinuous envelope. Consequently for every n € N, let u,, be the sequence constructed in Case
1, step 1 and let v} € LY (€;R™) be such that vy —vin L' as j — +oo and

/ C(o(x,Up,v) + eb(|v])) dz = lim (p(z, Ty, v?) + 59(|v}1|)) dx.
Q J=+oo Jo
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The proof now develops as in [16, Proposition 3.18]. The growth condition (v) and the fact that @, is
bounded in L> and thus in L', entails that there exists a constant M such that

sup [ O(|v7|)dz < M. (3.15)
n,jENJQ

We observe that the growth conditions on ¢ guarantee that sup,, ;ey ||V} |1 (@) < C(M). Moreover the
separability of Cy(Q) allows us to consider a dense sequence of functions {i,}.

Next, mimicking the argument used in the analogous step for ¢ > 1, for every € > 0 we construct a
diagonalizing sequence v,, as follows. For each n € N consider j(n) increasing and such that

1
<=
n

[ (ol 50 + 0(0050]) = Cli.n,0) + 0(1o])) da

<—,l=1,...,n.

1
n’

(N WP
/Q(Ug(n) V) dx

Define v,, := 07 ( ) The bounds on 6, the fact that %, is bounded in L and the separability of Cy(£2) guar-

antee that v, = v in M(Q) and moreover, (3.15), Dunford-Pettis’ theorem entail that the convergence
of v,, towards v is weak-L".
Case 1, step 3. Arguing as in the first part of Case 1, step 3 for ¢ > 1, we can prove that

n——+00

1imsup/ﬂ(<p(x,ﬂn,vn)+€9(|vn|)) dxg/QC’(go(a:,u,v)—i—w(wD)dx

Next we define

T (u,v) := inf{liminf I (un, v) : (Un,vy) € BV(Q;RY) x LY(Q;R™), 4y, — w in L' v, — v in L'}.

n—-+4o0o
(3.16)
The same argument of the last part in Case 1, step 3, for ¢ > 1, allows to prove that
I.(u,v) < / W(z,u, Vu) dzx +/ Yz, ut u vy dHY T+
¢ T (3.17)

*AWW( ;@ZOdWM+A (s, u,0) + £0(Jo])) da

for every u € BV (Q;RY) N L‘X’(Q;Rdl and v € L'(Q;R™). On the other hand we observe that the
sequence I.(u,v) is increasing in € and I < I, for every €. Moreover by virtue of the increasing behaviour
in e of p + €6, invoking [16, Proposition 4.100] it results that for every (z,u) € Q x R¢, we have

irslfC (p(z,u,v) +b(fv])) = gii%C (p(z,u,v) + 0(|v])) = Cp(z,u,v).

Thus applying Lebesgue monotone convergence theorem we have

I(u,v) < lim I.(u,v) = lim (/ W (z,u, Vu) dac—l—/ vz, ut u”, vy) dHN T
e—0 e—0 Q J,

u

+/QWOC< dC|UD)Z |)d|DC [+ | € (eleyuo) +e0(o]) da:) _

:/W(w,qu) d:r—i—/ 'y(x,u+,u_,uu)dHN_1+/ wee (x,u, chu> d|DCu|+/ Co(x,u,v)dr,
Q Q d| Deul Q

’ (3.18)
for every (u,v) € (BV(Q;RY) N L>®(Q;RY)) x L (Q;R™).

Case 2. Now we consider u € BV (Q; R?) N LP(Q;RY) and v € L}(Q;R™).
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To achieve the upper bound we can preliminarly observe that, a proof entirely similar to [16, Proposi-
tion 3.18], guarantees that for every € > 0, the functional I.(u,v), defined in (3.16) is sequentially weakly
lower semicontinuous with respect to the topology L' (€; R%)strong X L (23 R™)yeak. Thus, arguing exactly
as in the Case 2, for ¢ > 1, we have that

_ dD¢ ,
I.(u,v) < / W(x,u, Vu) dz +/ Yz ut T, v,) dHN —|—/ wee (w,u, u> d|Dul|+
Q T Q d| Deul

+Acwmmw+wmmm.

(3.19)

Finally the monotonicity argument for £ invoked in the Case 1, step 3 for ¢ = 1 can be recalled also in
this context leading to the same inequality in (3.18) for every u € BV (Q;R?) N LP(Q; R?) and for every
v € LY(;R™), and that concludes the proof of (3.8). O

Now we present the proof of Theorem 1.3, which is much easier than the latter one, since, by virtue of
N
the continuous embedding of BV (Q;R%) in L¥-1(£2;R?), it does not involve any truncature argument.

Proof of Theorem 1.3. We omit the details of the proof since it develops in the same way as that of
Theorem 1.1. First we invoke Corollary 3.2 and assume without loss of generality that W is quasiconvex
in the last variable. Then we prove a lower bound for the relaxed energy and finally we show that the
lower bound is also an upper bound. As in Theorem 1.1 we may consider two separate cases: ¢ > 1 and

q=1.
Lower bound for the cases ¢ = 1 and q > 1. The proof of the lower bound is identical to that of Theorem
1.1.

Upper bound, case ¢ > 1. Let u € BV(Q;Rd) and v € LI(; R™). We can assume

dD¢
/W(x,u,Vu) daj—i—/ 'y(x,u+7u_,l/u)d7-lN_1+/ Wwee <x7u, Cu) d|Dul|+
Q T Q d|Deul (3.20)

+/ Co(x,u,v)dr < 4o0.
Q

Without loss of generality, we assume also that W and ¢ > 0. Applying Lemma [17, Theorem 2.16],
we can get a sequence {u,} in W11(Q;R?) such that u,, — u in L* and

lim/ W(x,un,Vun)dx:/W(xm,Vu)dx—k/ Yz, ut u, vy dHN T
Q Q

u

dDu
Wee —— ) d|D%ul.
/. @”WWwO' u

We observe that, by the coercivity condition on W and by (3.20), Vu,, is bounded in L'. Moreover,
the continuous embedding of BV (Q; R?) in L¥-1 (Q;R%), imply that u, is bounded in L¥-1 (Q;R%) and
thus in LP(2;R?) since we are assuming 1 < p < N1

Then, as in the proof of Theorem 1.1, Case 1, step 2, ¢ > 1 we can construct a recovery sequence v,
using the relaxation theorem [16, Theorem 6.68] and the same diagonalizing argument. We emphasize
that there is no need to make a preliminary truncature of the recovery sequence u,. Indeed, to ensure
that v, is bounded in LI(£2; R™) (required to obtain the weak convergence of v, towards v in L9) it
suffices to use the growth condition of ¢ and the fact that u,, is bounded in LP.

Therefore it is possible to get v,, — v in L? and such that

limsup/gp(x,un,vn)dzS/C’(p(:n,u,v)das.
Q Q

n——+o0o

The upper bound then follows by the sub-additivity of the limsup.
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Upper bound, case ¢ = 1. In analogy with the case ¢ > 1 there is no need of truncature because of the
continuous embedding of BV in L~=1. As for Theorem 1.1 it suffices to approximate the functional I by I.
in (3.14) and consequently it is enough to use, for the correspective relaxed functional, the diagonalization
argument adopted in Theorem 1.1, Case 1, step 2 for ¢ = 1 via an application of Dunford-Pettis’ theorem.
Finally the monotonicity behaviour in € of I., the approximation of the energy densities allowed by [16,
Proposition 4.100] and the Lebegue monotone convergence theorem conclude the proof. O
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